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1. Single random Matrix setting via Tracy-Widom theory
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Wishart Distribution

Ginibre matrix H € C"*" with i.i.d entries H; ; ~ N[0, %] + iNJ[0

Shape parameter

1
L]

M =max(m,n), N =min(m,n), a=M-N

Complex Wishart matrix
W= H+Ii m>n, .
HH" n>m,
Eigenvalues of W are {x1, ... xn} with x; € [0, )
Joint Eigenvalue PDF

N
1 -
peer,xn) = o= [[ e [ -2

N

fdxll..f dxnp(xq,...xn) =1
0 0

Normalisation
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Tracy-Widom Theory
Let {pn(x)}y=0,1,.. the orthonormal polynomials with respect to the weight function w(x),

N-1
K(x, ) = @) Y pu(pa(y)
n=0

With a,, denoting the coefficient of x” in p,(x) the Christoffel-Darboux summation gives

K y) = ()] F WOPNAW) Pt PN )

X-y
The classical weights of the Askey Tableaux are
e , Gaussian
w(x) ={ x%*, x>0, Laguerre
1-x1+x)? -1<x<1, Jacobi,

Gap probability as a Fredholm determinant

n

0 —1)n
E(O;I) = det(0— K|;) =1+ Z =D f dxy ... f dx, det[K(xj, 01",
n=1 ! I 1 =
where K s the integral operator with kernel K(x, y).
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Six Painlevé Transcendents

Chapter 32 Digital Library of Mathematical Functions, http://dlmf.nist.gov/32

Type Differential Equation Parameters Classical Functions
2y
P-1 TY ety - -
ol 6y~ +x
2
P-I d—y = 2y3 +xy+v v Airy
dx2
5 & dy\? 14 ap .
P-I0 ay _ 14y —1—y+1(ay2+ﬁ)+vy3+ﬁ y=1,6=-1 Bessel
dx? y \dx x dx ¢ y
5 d? d L
P-IvV ay _ i ay + §y3 + 4xy2 + 2(x270¢)y + ﬁ a,p Hermite-Weber
dx2 2y \dx 2 y
By _f1, 1 )y 1dy
PV a2~ |2y y-1[\dx x dx a,B,y, Confluent
> 6=-1/2 Hypergeometric
@-1 Bl , vy, oyy+1)
5 ay+ -+ =+ ——
X i x y-=1
Ay (1,1 1) (dyy
a2 2|y y-1 y-xf\ax
Gaufl
P-vI 1, 1 1\ dy @By .
e 4 By H "
{.‘(+X—1+y—x}dx ypergeometric
—Dy-x ¢ px—1 _
L W -Dy-v {a B y-1) ox(x 1)}
2172 v =12 (y=»?
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Painlevé Correspondence

[Tracy & Widom 1994]
Ensemble w(x) = OPS I= Px Parameters
2 Hermite N _
GUE e Hy(x) (s, ) v a=2N-1,6=0
a=1
associated P Z,
a,—x L =—3a
LUE x"e L;i%lcl)el‘re 0,s) A% V= 2N+a
N 5=-1
=72
_1
b o2 1.2
Jacobi B=—3a
UE 1-x)"(1+x) -1, VI 2
] ( x) ( Y) ]Ia\/]h(x) ( S) y= %bZ
5 = 1[1-(2N+a+b)?]

N.S. Witte




M = 1 Theory. The o-form of Painlevé III

The resolvent function 1y (s) satisfies a specialised o-form equation for Painlevé III’

Sy = et (n) + 4h)? (smh — 1o+ + e2) — 4nonfy = 0,
subject to the boundary conditions at s = 0 [FW2002]

5‘/1*‘/0*1

M) T S 2T — v D)

The resolvent is given in terms of Okamoto’s function h(s; v1,v;) (see Prop. 4.1 of
[FW2002], or Eq. (0.7) of [Okamoto 1987])

M) = hs) = 5 = 301 =),

for the special case v; = v, = +(v1 — vp) [Okamoto 1987].
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M = 1 Isomonodromic Deformations

In the 2 X 2 matrix formulation of the isomonodromic problem the W(x, s) system is

—A® ®
W _ g A7 A7 v,
0z z—1

%ﬁl = {s_lEz + s_1C} .

Definitions
0 0 —1o -1 @ _ [¥oYo  Xoy1 Xo
E = , C:= , A¥Y = = ® ,
(1 0) (50 - 51) ¥iyo xyi) \xa (yo yl)
> regular singularities: 0 and 1, an irregular singularity oo,
> resonant or ramified case arises because E is nilpotent with eigenvalues 0,0
> the eigenvalues of C — AD are —vg, -1,

> A® is a rank 1 matrix whose eigenvalues are 0, 0.
The Schlesinger equations are now (' = d/ds)

sA? =[C+sE,AP], ' =[EA?].
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M = 1 Isomonodromic Deformations

In the 2 X 2 matrix formulation of the isomonodromic problem the W(x, s) system is

v C-A® A®
—— =4sE+ +—V,
0z { z—l}

%ﬁl = {s_lEz + s_1C} .

Definitions

0 0 —1o -1 @ _ [¥oYo  Xoy1 Xo
E:= , C:= , A¥Y = = ® ,
(1 0) (50 - 51) ¥iyo xyi) \xa (yo yl)
> regular singularities: 0 and 1, an irregular singularity oo,
> resonant or ramified case arises because E is nilpotent with eigenvalues 0,0
> the eigenvalues of C — AD are —vg, -1,

> A® is a rank 1 matrix whose eigenvalues are 0, 0.
The Schlesinger equations are now (' = d/ds)

sA? =[C+sE,AP], ' =[EA?].
The system has a singularity pattern % +1+1with Riemann-Papperitz symbol
0 1 oo(2)
—Vo iVs -3

0
-1 0 —i \/g Vo +1q
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Painlevé Transcendents

The degeneration scheme of the Painlevé equations interpreted through their
isomonodromic deformation problems.

[Kapaev & Hubert 1999], [Kapaev 2002] and [Ohyama and Okumura 2006]

2+73
T+I+1+1 2+1+1 3+1+1 [7]
Py Py deg — Py
Py

Notes:
> unramified and ramified cases are given in black and blue entries respectively,
> singularity confluence transitions are given by black arrows,

> drop in the Poincaré index transitions (in this case always 1/2) are given by red
arrows,

v

deg — Py system is equivalent to the Pyy(Ds) system,

v

P34 is equivalent to Pyy.
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M =1 Hamiltonian Dynamical System

Hamiltonian {s; H} with two sets of co-ordinates and momenta {x, x1; yo, y1} and
{€o0, €150, M1}
H = -noxoyo + (£0 — 1 + 8)xXoy1 — X1Y0 + 1111,

Hamiltonian equations of motion

0 0
sx; = 5—H, sy}:—fH, j=0,1

I dy; dx;
,_ 9 ,__9 _
nf_a_ng' 5]— ar]jH, ]—0,1

Coupled quasi-linear ODEs (* = d/ds) with respect to s

sx( = —1oxo — X1, sy = —EoY1 — Y1 + MoYo + MYy,
sX] = —MiXg + 5o + EoXo + E1x1, sy = —&1y1 + Yo,
&y = xo¥o, 14 = Xoy1,
& = xoy1, n =Xy
Gap probability is

det(1 — Ky) = exp ( fo S thUo(f))
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M = 1 First Integrals of Motion: Constrained Dynamics

Define elementary symmetric functions ej, j = 1,2 of vo, v1.
Trace relations
&r=mo—e, TrC=—e;

Orthogonality relation
TrA® = xoyo + X191 = 0;

Further integrals of motion
m +& = eo;

sxoy1 = —1o&1 + 1o + & — N1 —e2;

no identified as a Hamiltonian, the identity

MoXoYo + (M — &o — $)xoy1 + X1¥0 — E1x1y1 + 10 = 0.

Folding relations between the two sets (xg, yo) and (x1, y1)
Assume xg # 0. Then xq, y; are related to xg, yo by

x1 =—syo, Y1 =sTx.
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] =(0,s), The Hamiltonian is now

H = —noxoyo — moy1 + (S0 — M2 — 8)Xoy2 — X1¥0 — Xay1 + E1x1Y2 + Eax2Y0,
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M = 2 Product of 2 Random Matrices

J = (0, s), The Hamiltonian is now
H = —noxoyo — mxoy1 + (o — 12 — $)Xoy2 — X1Yo — Xay1 + E1X1Y2 + E2X2Y2,

Yields the following system of coupled ODEs

sXy = —1oXo — X1, syy = —EoY2 + SY2 + NoYo + My + 2Y2,
sX] = —T1Xp — X2, syy = =12 + Yo,

sx) = —Maxg — sxg + &oXo + E1x1 + Eaxp, sy, = —Eay + U1,

&y = —xo¥o, ny = —XoY2,

& = —xou1, m = -x1y2,

& = —xoy2, 1 = —X212.
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M = 2 Isomonodromic System

3 % 3 Lax Pairs

—A®@ @)
i\I/:{s]:"+C 4 +A—}\If,
0z z—1
and 3
_ (1 -1
a—s‘l’ = {s Ez+s C} .

Now the definitions are

0 0 0 -0 -1 0
E=l0 o0 of, c=| -n 0 -1f,

-1 0 0 So-m & &
and
Xo¥o Xoy1 Xoy2) (%o
AP =y ay ap|=|n ®(y0 n y2)~
Xy Xy Xy} \x
Note:

> E is nilpotent with eigenvalues 0,0, 0 in Jordan blocks of size 2 & 1, i.e. the
resonant or ramified case,
> the eigenvalues of C — A® are —vo,—V1,—V2,
> A®@ is a rank 1 matrix and its eigenvalues are 0,0, 0.
The Schlesinger equations take the standard form

sA® =[C+sE,AP], ' =[EA%].
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System has the singularity pattern % +1+1 with Riemann-Papperitz symbol

0 1 oo(})

vy 0 3 -2 o
v 0 ws'B -1 /
—v; 0 w3l

—% +vo+v+12
Let us assume the generic condition v, — v # Z holds.
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M = 2 First Integrals and Constraints

Energy conservation
MoXoYo + M¥Xoy1 + (=Eo + M2 +S)Xoy2 + X1yo + Xoy1 — &1x1y2 — EaXay2 + 10 = 0;
Linear Trace relations
&2=m—e, TC=-e,  sxoya=mnoéa+m—&+e2—1o
Orthogonality relation
TrA® = xoyo + X1y1 + Xa12 = 0.
In addition the latter relation can be integrated once again to give

“3z+e(+n-1) -l -m+DE+n-2)+Qa-Dm+1-e)é&
—sxoy1 +sxoYy2 (=200 + &2 +2) +sx1y2 =3 (2 + &) =0,
and furthermore can be split into the two independent integrals

3es+ep(—2e1 +10—4)+no(er —no +1)(2e1 — 10 +2)+(—e1 — 1)y + (261 — 310 +4) &1
+ 2sx9y1 + sxoy2 (261 — 1o +2) + sx1y2 + 3&0 =0,

62(61 +T]0—1)—T]0(61 —T]0+1)(€1 +1]0—2)+(—61 +37]0—4)T]1 +(1—61)51
—sxgy1 — sxoy2 (e1 + o — 2) — 2sx1y2 + 312 = 0.

Final integral of the motion is

ez + &0 — M2 —1Moé1 — Sam1 — X2Yo + MoX2y1 — S2X1Yo + Nos2X1Y1
= &1xoyo + (S0 — M2 — E2n1)x0y1 + E1mxoy2 + (S0 — 12 — Moé1)X1y2 + Mmx2y2 = 0.
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In addition to H there is the radical F by

F2 .= 4e%r]62 - 12627]62 + 127]01762 - 3657]63 + 952716’2 — 12sm(ng + sr]g))‘

But! The quantity F? is a perfect square and the radical F is
F = -3xoy1 — 3x1y2 — e1x0y2.

The sign is chosen here so that F > 0 for the appropriate solution to the boundary
conditions.

N.S. Witte



M = 2 The Monster

The resolvent function ny(s) satisfies a scalar ordinary differential equation with

degrees 2,3, 4,8 in r](()4), 1]83), qf)z), r](()l)

4 2
2756 (n( )) n/z
+27s*|-F 7],0, + 3527]6,3 + 65']{?']’0’ + 27]0,2 (7]’0, + :‘ST]O(B))
3 4 4
55/ //(// s()) ]/ (4)

+ 81s° (r](()B))3 m

+ [-27els* 0 + 8leas* s + 18Fs* — 54s1y® — 1625 n gy
2
+5675 > — 81s*non? + 243541]62] (r](()3))
- 35 [F (155176’ - 214 (e% -3 (ez +3s1y) — 7q0)))
+95% )iy (—Zef +6ey + 54sn) — 619 + 11) +4n) (9s (e% —3ey + 31 — 3) e
- (27 (e3 +5s) + Zei’ - 96261) ny = 108521]64 + 271]0)
—18sn*ny (—e% +3ey + 2551 — 319 + 3) - 45531]6’3] r]éB)
+ 275 (—e% +3ez + 2751 — 310 + 1) ot
- 54s%7) (—e% +3ey +24sn( — 3no + 1) e

— 02 [F (=62 4 300 + 181 + Ao + 1) — 3a (462 — 1900 4 19450 + 17\ /3
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M = 2 The Connection Problem

Recall the generic condition v, — vy # Z holds.

Solutions are defined as s — 0%

F(Vz _Vl)svl—v0+1
_F(Vl - 10 +2)F(V1 vy + l)F(vz -0+ 1)
r(vl _VZ) sz—v0+1
TT( v+ DT (- +2)T—vp+1)

1n0(s) ~

Want the asymptotic behaviour as s — +09, larg(s)| < 37

In this regime the solution for a general resolvent function 79 permits the asymptotic
expansion
3
Mo(s) = _stz/3 +0(s'%,1/1og(s)).
For large s the gap probability E; := E,, v, has the asymptotic form, i.e. the tails of the
gap probability

By (00, 8) = ¢ 7% 06,
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M = 2 Identification? Higher order analogues of Painlevé III

Four families and their master cases:
Garnier systems, Fuji-Suzuki systems, Sasano systems and matrix Painlevé systems -

[Kawakami, Nakamura & Sakai 2013, 2017, 2018]

1+1+1+1+1

11,11,11,11,11
1+1+1+1+1
Garnier

1+1+1+1

21,21,111,111
As
Fuji-Suzuki

1+1+1+1

31,22,22,1111
Ds
Sasano

1+1+1+1
22,22,22,211
Matri
HVIa TIX
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Identification? Higher order analogues of Painlevé III

Unramified Fuji-Suzuki family which have 3 x 3 Lax pairs

1+1+1+1

@), 111, 111
HS

21,21, 111, 111 ‘
A
Hpg

NY
AD), 21,111
HMA

FS
M(1)(D),21,21
214141

Gar
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3+1

(any, 1m

Ay
HNY

((M@M)(D)), 21
i

242

(@OMONA)))

5
3+1+1

2
HG':r

anm, ()
Hig

(2)(12, DHD)
Hé;rr1+1+l




Identification? Ramified Cases

In addition to the nine shown above another seven ramified cases are given
[Kawakami 2015].

However of those only one is a possibility, namely the onen with the singularity
pattern % + 1 + 1 and spectral type (1)3,21,111 and has a Riemann-Papperitz symbol

0 1 oo(2)

0 0 H5 or/3-2
0 0 wt'® 6°/3-3
6) o' B 0°/3-3
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Stranger and Stranger

For v; = —1/2,v, = 0 we compute that the initial terms are

\/' §3/2

no(s) = —2?—2(4 n)———(s oy i~ 6(72—327I+3712)S—22

4 5/2
- 2—5(360 — 200 + 2772) S

5~ 675 (2700 — 18007 + 34772 — 15n3) +0O(77?).

We have extended this series to high order, and have computed as well the series
expansion of F as implied by to high order.
We find the remarkable but not understood relation

6—2F = 1.

Substituting for F and squaring we find the even more remarkable, and similarly not
understood, result that the resolvent function satisfies the much simpler third-order
non-linear ODE

3) _ 2 72

7 Vaw/ 3 7 ’ 7/
12521]0r]0 571 - + 12815170 — Zqo [r]o(—4851]0 +16mn9 +1) + 4} +9=0.
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GuessFunc Results

[Pantone+W]
> v9=0,v1 =-1/2,v, =0:

2F=6-17
L'V~ 30 P+ 4GP s =)+ =120,
> vo=0,v1 =0,vp = +1/2:
2F=6+1
S0 - i(n’)2 +4( ) (s =) -0’ =1=0,
> 1v9=0,v1 =0,vp = +1/3:

3F=9+7

36521 = 2782072 + 36s' " + 1 [361' Bs’ =) =1 + 6] +27 =0,
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