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A warm-up example: simplify
ii( (25 + k+ n+ 2)JK (5 + k+ n)!
G+k+DG+n+ 1)+ k+ DG+ n+ DI(k+n+ 1)

k=03j=0
+j!k!(j+k~|—n)!(—5’1(j)~I-S1(j+k)+51(j+n)—S1(j+k+n)))
G+E+D!IG+n+ DY k+n+1)!
1)
where

"1

Sim) =3 < (=H)
=1

Arose in the context of

|. Bierenbaum, J. Blimlein, and S. Klein, Evaluating two-loop massive operator matrix
elements with Mellin-Barnes integrals. 2006



Part 1: A warm-up example 3

A warm-up example: simplify

S (25 + k+ n+ 2)JK (5 + k+ n)!
;0;((% E+1)(G+n+1)G+k+ DG+ n+ DI(k+n+1)!
+j!k!(j+ E+n)! (=S1() + S1(i+ k) + S1(G+n) — S1(+ k+ n)) )
G+E+D!IG+n+ DY k+n+1)!

f4)

FIND g¢(3):

fG) =9+ 1) — g(j)
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A warm-up example: simplify

S (25 + k+ n+ 2)JK (5 + k+ n)!
kz::oj;((ﬂ E+1)(G+n+1)G+k+ DG+ n+ DI(k+n+1)!
+j!k!(j+ E+n)! (=S1() + S1(i+ k) + S1(G+n) — S1(+ k+ n)) )
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f4)

FIND g¢(3):

fG) =9+ 1) — g(j)

1 summation package Sigma

N GHRED) Gt DR En)!(81.()— 81 (GHR) = S1 (7 n) 451 (7))
90) = knG e+ D) Gt D) (k1)



Part 1: A warm-up example 3

A warm-up example: simplify

S (25 + k+ n+ 2)JK (5 + k+ n)!
kz::oj;((ﬂ E+1)(G+n+1)G+k+ DG+ n+ DI(k+n+1)!
+j!k!(j+ E+n)! (=S1() + S1(i+ k) + S1(G+n) — S1(+ k+ n)) )
G+E+D!IG+n+ DY k+n+1)!

f4)

FIND g¢(3):

fG) =9+ 1) — g(j)

Summing the telescoping equation over j from 0 to a gives

> 1) = gla+1) — ¢(0)

J=0



Part 1: A warm-up example 3

A warm-up example: simplify

S (25 + k+ n+ 2)JK (5 + k+ n)!
kz::oj:zo((ﬂ E+1)(G+n+1)G+k+ DG+ n+ DI(k+n+1)!
+j!k!(j+ E+n)! (=S1() + S1(i+ k) + S1(G+n) — S1(+ k+ n)) )
G+E+D!IG+n+ DY k+n+1)!

f4)

FIND g¢(j):

fG) =9+ 1) — g(j)

Summing the telescoping equation over j from 0 to a gives

> fi) = gla+1) — g(0)
J=0
(a+D)'(k—D)!(at+k+n+1)!(S1(a)—S1(a+k)—S1 (a+n)+S1 (a+k+n))
n(a+k+1)!(a+n+1)!(k+n+1)!
S1(k)+S1(n)—S1(k+n) + (2a+k+n+2)alk!(atk+n)!
kn(k+n+1)n! (a+k+1)(a+n+1)(a+k+1)!(a+n+1)!(k+n+1)i

~~
a—r 00

_|_




Part 1: A warm-up example 3

A warm-up example: simplify

& (25 + k+ n+ 2)JK (5 + k+ n)!
k;j;((ﬂ E+1)(G+n+1)G+k+ DG+ n+ DI(k+n+1)!
+j!k!(j+ E+n)! (=S1() + S1(i+ k) + S1(G+n) — S1(+ k+ n)) )
G+E+D!IG+n+ DY k+n+1)!

f0)
s N Sl(k-)—l-Sl(n) — 51(k+ TL)
>_fi) = kn(k+n+ 1)

J=0
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In[1]:= << Sigma.m
| Sigma - A summation package by Carsten Schneider © RISC-Linz |

- mysum = 3° (2 + k + 0+ 2)ik!G + k + n)! +

SNG+k+ D +n+ D +k+ DG +n+ Dk +n+1)!
3'1G + k + n)! (—=S[1,4] + S[1,j + k] + S[1,j +n] — S[L,j +k+ n]))
GHEk+1D)!1G+n+)!i(k+n+ 1)

k]




Part 1: A warm-up example 4

In[1]:= << Sigma.m
| Sigma - A summation package by Carsten Schneider © RISC-Linz |

- mysum = 3° (2 + k + 0+ 2)ik!G + k + n)! +

SNG+k+ D +n+ D +k+ DG +n+ Dk +n+1)!
3G+ k 4+ 0)! (=S[1,5] + S[1,5 + k] + S[1,j +n] — S[L,j +k+ n]))
GHEk+1D)!1G+n+)!i(k+n+ 1)

k]

In[3]:= res = SigmaReduce[mySum]
(a4 1)!(k—1)!(a+k+n+1)!(S[1,a] —S[1,a+ k] — S[1,a+n] + S[1,a +k+n])
n(a+k+1)!(a+n+1)l(k+n+1)!
S[1,k] + S[t,n] — S[1,k + n] (2a+k+n+2)alk!(a+k +n)!
kn(k +n+ 1)n! (a+k+1)(a+n+1)(a+k+1)(a+n+1)!(k+n+1)!

Out[3]= +




Part 1: A warm-up example 4

In[1]:= << Sigma.m
| Sigma - A summation package by Carsten Schneider © RISC-Linz |

- (2j + k 4+ 0+ 2)jik!(j 4 k 4 n)!
n[2]:= S =
nieh= mySum jzzo((j+k+1)(j+11+1)(j+k+1)!(j+ﬂ+1)!(k+n+1)!+
MG -+ et u)t (S04 S+ Sl o] = 5[t + kot u]) )
G+k+ DG+t Dik+nt D

k]

In[3]:= res = SigmaReduce[mySum]

(a+ D& —1)(a+k+n+1)!(S[t,a] —S[t,a+k —S[t,a+n]+S[t,a+k+n]) N

O =
ul nat+k+1)!(at+n+1)(k+n+1)
S[1, %] + S[t,n] — S[1,k + n] (2a+k +n+ 2)alk!(a+k +n)!
kn(k +n+ 1)n! (a+k+1)(a+n+1)(a+k+1)(a+n+1)!(k+n+1)!

In[4]:= SigmaLimit[res, {n}, a]

1 S[1,k] + S[1,n] — S[1,k + 1]
n! kn(k +n+1)

Out[4]=
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A warm-up example: simplify

& (25 + k+ n+ 2)JK (5 + k+ n)!
k;j;((ﬂ E+1)(G+n+1)G+k+ DG+ n+ DI(k+n+1)!
+j!k!(j+ E+n)! (=S1() + S1(i+ k) + S1(G+n) — S1(+ k+ n)) )
G+E+D!IG+n+ DY k+n+1)!

f0)
s N Sl(k-)—l-Sl(n) — 51(k+ TL)
>_fi) = kn(k+n+ 1)

J=0



A warm-up example: simplify
ZZ 25+ k+n+ 2) K+ k+ n)!
G+k+DG+n+ 1)+ k+ DG+ n+ DI(k+n+ 1)

+]'kl( j+k+n)(— Sl()+S1(]+k)+51(]+n)—Sl(j+k+n)))
G+E+D!IG+n+ DY k+n+1)!

f4)

k=0j=0

S Sy (k) + Si( Si(k+mn
>3y =y A0 R

k=1j=0
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Telescoping
GIVEN ° S (k

e

+S1 Sl(k—i—n)
kn( k+n+ 1) '

_.()

FIND g(k) :

[g(k+1) — g(k) | = | f(R) |

for all k> 1.




Part 1: A warm-up example 6

Telescoping
GIVEN ° S (k

e

+S1 Sl(k—i—n)
kn( k+n+ 1) '

= 1)

FIND g¢(k) :

[g(k+1) — g(k) | = | f(R) |

for all k> 1.

no solution @



Part 1: A warm-up example 6

Zeilberger's creative telescoping paradigm

GIVEN = Si(k) + Si(n) — Si(k+n)
Aln) := ;\ kn(k+n+ 1) '
=: f‘(rn, k)
FIND g(n, k)

Lg(n k+1) — g(n. k) | = | fin, k) |

for all k> 1.

no solution @



Part 1: A warm-up example 6

Zeilberger's creative telescoping paradigm

GIVEN S (B) + Si(n) — Si(k+ n)
Aln) := ;\ kn(k+n+ 1) '
=: f(n, k)

FIND g(n, k) and ¢o(n), c1(n):

L9, k+1) = g(n, k) | = [ co(m)fin, B) + ex(n) fln+ 1, B) |

for all k> 1.
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Zeilberger's creative telescoping paradigm

GIVEN S (B) + Si(n) — Si(k+ n)
Aln) := ;\ kn(k+n+ 1) '
=: f(n, k)

FIND g(n, k) and ¢o(n), c1(n):

L9, k+1) = g(n, k) | = [ co(m)fin, B) + ex(n) fln+ 1, B) |

for all k> 1.

|Sigma computes: | co(n) = —n, ¢1(n) = (n+2) and

_ EkSi(k) 4+ (=n—1)81(n) — kS1(k+n) — 2
gk = (k+n+1)(n+1)2
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Zeilberger's creative telescoping paradigm

GIVEN S (B) + Si(n) — Si(k+ n)
Aln) := ;\ kn(k+n+ 1) '
=: f‘(rn, k)

FIND g(n, k) and ¢o(n), c1(n):

L9, k+1) = g(n, k) | = [ co(m)fin, B) + ex(n) fln+ 1, B) |

for all k> 1.

Summing this equation over & from 1 to a gives:

a

[o(n,a+1) = g(n, 1) =| 3" [co(m) fin, )+ ca(m) fin+ 1,B)|

k=1
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FIND g(n, k) and ¢o(n), c1(n):

L9, k+1) = g(n, k) | = [ co(m)fin, B) + ex(n) fln+ 1, B) |

for all k> 1.

Summing this equation over & from 1 to a gives:

a a

Lg(na+ 1) —g(n 1) |=| D" co(n) fim K) + D ex(m) fin+ 1K)

k=1 k=1
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Zeilberger's creative telescoping paradigm

GIVEN S (B) + Si(n) — Si(k+ n)
Aln) := ;\ kn(k+n+ 1) '
=: f‘(rn, k)

FIND g(n, k) and ¢o(n), c1(n):

L9, k+1) = g(n, k) | = [ co(m)fin, B) + ex(n) fln+ 1, B) |

for all k> 1.

Summing this equation over & from 1 to a gives:

Lg(n.a+1) — g(n,1)|=|co(m) > fin, k) + e1(m) Y fin+ 1, k)
k=1 k=1
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Zeilberger's creative telescoping paradigm

GIVEN S (B) + Si(n) — Si(k+ n)
Aln) := ;\ kn(k+n+ 1) '
=: f‘(rn, k)

FIND g(n, k) and ¢o(n), c1(n):

L9, k+1) = g(n, k) | = [ co(m)fin, B) + ex(n) fln+ 1, B) |

for all k> 1.

Summing this equation over & from 1 to a gives:

lg(n,a+1) = g(n,1) | = co(n) A(n) + c1(n) A(n+ 1) |




Part 1: A warm-up example 6

Zeilberger's creative telescoping paradigm

GIVEN S (B) + Si(n) — Si(k+ n)
Aln) := ;\ kn(k+n+ 1) '
=: f(n, k)

FIND g(n, k) and ¢o(n), c1(n):

L9, k+1) = g(n, k) | = [ co(m)fin, B) + ex(n) fln+ 1, B) |

for all k> 1.

Summing this equation over & from 1 to a gives:

lg(n,a+1) = g(n,1) | = co(n) A(n) + c1(n) A(n+ 1) |
I |

a S1(a)+S1(n)—S1(a+n
(et (1n(+)1-)i_2(2(+7)l+2)1( 7)) —nA(n) + (2+ n)A(n+1)
+ a(a+1)
(n+1)3(a+n+1)(a+n+2)




Part 1: A warm-up example 7

(n+2)A(n+1) — nA(n) = o+ 1)

recurrence finder

kn(k+n+1)

k=1
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(n+2)A(n+1) — nA(n) = (n+1)5(n) +1

(n+1)3
recurrence solver
— 1 |
Ay = S S8+ Si0) = Skt ) || {ex o
= AR S1(n)2 + Sy(n)
— + 1 2 | c R}
2n(n+1)




Part 1: A warm-up example 7

(n+1)Si(n) + 1
(n+1)3

(n+2)A(n+1) — nA(n) =

Summation package Sigma
(based on difference field/ring algorithms/theory
see, e.g., Abramov, Karr 1981, Bronstein 2000, Schneider 2001/2004/2005a—c,/2007,/2008/201Da—c)

1 +
o = Si(k) + Si(n) = Si(k+n) | | 0x L
A(n) 2 kn(k+n+ 1) Sl((n)ji)&(n)
* 2n(n+1)




Part 1: A warm-up example 8

2, S[1,k] + S[1,n] — S[1,k + n]
Infs]:= mySum = kn(k + 01 1) ;

k=1
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2, S[1,k] + S[1,n] — S[1,k + n]
In[5]:= mySum = E H
= kn(k +n + 1)
Compute a recurrence

In[6]:= rec = GenerateRecurrence[mySum, n][[1]]

outlf]= —nSUMIn]+(14+n)(2+n)SUM[n+1] ==
(a+1)(S[1,a] +8[1,n] — S[1,a +n]) a(a+1)
(n+1)?(a+n+ 2)n! (m+1)3(a+n+1)(a+n+2)n!




Part 1: A warm-up example 8

2, S[1,k] + S[1,n] — S[1,k + n]
In[5]:= mySum = E H
= kn(k +n + 1)
Compute a recurrence

In[6]:= rec = GenerateRecurrence[mySum, n][[1]]

outlf]= —nSUMIn]+(14+n)(2+n)SUM[n+1] ==
(a+1)(S[1,a] + S[1,n] — S[1,a+n]) a(a+1)
(n+1)?(a+n+ 2)n! (m+1)3(a+n+1)(a+n+2)n!

In[7]:= rec = LimitRec[rec, SUM[n], {n}, a]
__ (n+1)S[,n]+1

out[7)=- —nSUM|[n] + (1 4+ n)(2 + n)SUM[n + 1] at1e
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2, S[1,k] + S[1,n] — S[1,k + n]
In[5]:= mySum = E H
= kn(k +n + 1)
Compute a recurrence

In[6]:= rec = GenerateRecurrence[mySum, n][[1]]

outlf]= —nSUMIn]+(14+n)(2+n)SUM[n+1] ==
(a+1)(S[1,a] + S[1,n] — S[1,a+n]) a(a+1)
(n+1)?(a+n+ 2)n! (m+1)3(a+n+1)(a+n+2)n!

In[7]:= rec = LimitRec[rec, SUM[n], {n}, a]
1)s|1 1
oufl= —nSUM[a] + (1 +1)(2 + n)SUMa + 1] —— (B DSl +1
(n+1)3
Solve a recurrence
In[8]:= recSol = SolveRecurrence[rec, SUM|[n]]

1
S[1,n]? + Z =
i=1

ut[8]= 0
outfgl= {{0, T 1)

BAY, i3

n(n+1)



Part 1: A warm-up example 8
a
In[5]:= mySum = Z S[t, 1 + S{1,n] — S[1, k + n] ;
= kn(k +n + 1)
Compute a recurrence

In[6]:= rec = GenerateRecurrence[mySum, n][[1]]

outlf]= —nSUMIn]+(14+n)(2+n)SUM[n+1] ==
(a+ 1) (S[t,a] + S[1,n] —S[l,a+n])+ a(a+1)
(n+1)?(a+n+ 2)n! (m+1)3(a+n+1)(a+n+2)n!

In[7]:= rec = LimitRec[rec, SUM[n], {n}, a]
_ (@4+1)s[t,n] +1

out[7)= —nSUM[n] + (1 +n)(2 + n)SUMn + 1] = at1e

Solve a recurrence
In[8]:= recSol = SolveRecurrence[rec, SUM|[n]]

]
2
. S[1,n] +;§
Out[8]= {{O’ }7{1:

n(n+1) 2n(n+ 1) H

Combine the solutions
in[9]:= FindLinearCombination[recSol, {1, {1/2}}, n, 2]
s[t,n2+ 3%, &

Outlol= 2n(n+1)
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A warm-up example: simplify
(2j+k+n+2)K G+ k+ n)!

;;); G+k+DG+n+ 1)+ k+ DG+ n+ DI(k+n+ 1)

+]'kl( j+k+n)(— Sl()+S1(]+k)+51(]+n)—Sl(j+k+n)))
G+E+D!IG+n+ DY k+n+1)!

f4)

S Sy (k) + Si( Si(k+mn
>3y =y A0 R

k=1j=0
:i51( n)% 4+ S(n)
nl 2n(n+1)

where

= Z% S2(n) = Z%‘z
=1

i=1
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A warm-up example: simplify

& (25 + k+ n+ 2)JK (5 + k+ n)!
k;j;((ﬂ E+1)(G+n+1)G+k+ DG+ n+ DI(k+n+1)!
+j!k!(j+ E+n)! (=S1() + S1(i+ k) + S1(G+n) — S1(+ k+ n)) )
G+E+D!IG+n+ DY k+n+1)!

f(n7 k?j)

SO fink = S350

!
pur g 2n(n+1)!

where
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Part 2: The difference ring machinery
for symbolic summation
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Part 2: The machinery
for symbolic summation



Part 2: The difference ring machinery for symbolic summation

1. Creative telescoping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

F(n) = Zf(n7 k);

FIND a recurrence for F(n)

f(n, k): indefinite nested product-sum in k;
n: extra parameter




Part 2: The difference ring machinery for symbolic summation

definite

2. Recurrence solving

GIVEN a recurrence

(Abramov/Bronstein/Petkoviek /CS, 2021)

G,()(n), EER) ad(n)a h(n)
indefinite nested product-sum expressions.

ap(n)EF(n) + -+ + ag(n)F(n+ d) = h(n);

FIND all solutions expressible by indefinite nested products/sums




Part 2: The difference ring machinery for symbolic summation

definite

2. Recurrence solving
GIVEN a recurrence ao(n), . .., aq(n), h(n):
indefinite nested product-sum expressions.
ap(n)EF(n) + -+ + ag(n)F(n+ d) = h(n);
FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, 2021)

Special cases:

Soa( Z Z (harmonic sums)

J. Bliimlein and S. Kurth, Phys. Rev. D 60 (1999) 014018 [arX|v hep-ph/9810241];
J.AM. Vermaseren, Int. J. Mod. Phys. A 14 (1999) 2037 [arXiv:hep-ph/9806280].




Part 2: The difference ring machinery for symbolic summation

definite

2. Recurrence solving

GIVEN a recurrence ao(n), . .., aq(n), h(n):
indefinite nested product-sum expressions.

ap(n)EF(n) + -+ + ag(n)F(n+ d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, 2021)

Special cases:

n ] .
Z %‘21) (binomial sums)
j=1 (j)]

J. Ablinger, J. Bliimlein, C. G. Raab and CS, J. Math. Phys. 55 (2014) 112301 [arXiv:1407.1822].



Part 2: The difference ring machinery for symbolic summation

definite

2. Recurrence solving

GIVEN a recurrence ao(n), . .., aq(n), h(n):
indefinite nested product-sum expressions.

ap(n)EF(n) + -+ + ag(n)F(n+ d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, 2021)

A more general example:
n k . k k
1+i+ 1 2j
S () (S ) (2]

k=1 \i=1 =1 ](3j)2 j=




Part 2: The difference ring machinery for symbolic summation

—2(1+n)3(3+ n)n?F(n)
+ (1 +n)(8+9n+2n*)nlF(n+1) — F(n+2) =0

lSigma.m

n n

n n
{c1 [T+ cz(—Q"n!Hi!—i—%Hi! 2%‘!) | e1, e eK}
=1 =1

=1 =1



Part 2: The difference ring machinery for symbolic summation

(14 S1(n) + nSi (1) (3 + 2n + 25, (n) + 3051 (n) + 1251 (n)) > F(n)
— (1 +n)(342n)S1(n) (3 + 2n+ 281 (n) + 3nS1(n) + n*Si( ))ZF(n—i- 1)
+(1+n) (2+n)351(n)(1+51(n)+n51( )) F(n+2)=

lSigma.m

{Cl Sl H 51 + CgSl H 51 cl, Co € K}

=1



Part 2: The difference ring machinery for symbolic summation 13

].. Creative telescoping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n
F(n) = Zf(n, k’); f(n, k): indefinite nested product-sum in k;
k=0

n: extra parameter

FIND a recurrence for F(n)

2. Recurrence solving

GIVEN a recurrence ao(n), . .., aq(n), h(n):
indefinite nested product-sum expressions.

ap(n)EF(n) + -+ + ag(n)F(n+ d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, 2021)

3. Find a “closed form”

F(n)=combined solutions in terms of indefinite nested sums.




Part 2: The difference ring machinery for symbolic summation

n—2 j+1 n—j+r—2 1)r+s(J+1) (—j+n+r—2)(_j_|_ n—2)!r

ZZ Z )(s—i—ls)(—j—i-n—i-r)!

=0 =0 s=0

Simple sum



Part 2: The difference ring machinery for symbolic summation

n—2 j+1 n—j+r—2 1)r+s(J+1) (—j+'fl+7“—2)(—j+ n— 2)!7”!

ZZ Z )(s—l—f)(—j—i—n—i—r)!

=0 =0 s=0 ||

n—2 j+1 | n—j+r—2 (_1)r+s(j+1) (—j+n+r—2)(_j+ n— 2)!7”!

ZZ Z (n—rs)(s—i-f)(—j—i- n+r)!

7=0 r=0 5=0




Part 2: The difference ring machinery for symbolic summation

n—2 j+1 n—j+r—2 1)r+s(J+1) (—j+'fl+7“—2)(—j+ n— 2)!7”!

ZZ Z —8)(s+1)(—j+n+r)!

=0 =0 s=0 ||
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=0 =0 s=0 ||
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—n?—-n-1 )" (n? 4+ n+1) ~ 28.5(n) Si(n) Sa(n)
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Note: Sy(n) = YN, S8 4 e 7\ {0}.
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In[1]:= << Sigma.m

| Sigma - A summation package by Carsten Schneider © RISC-Linz

In[2]:= << HarmonicSums.m

| HarmonicSums by Jakob Ablinger © RISC-Linz

In[3l:= << EvaluateMultiSums.m

| EvaluateMultiSums by Carsten Schneider © RISC-Linz

n—2j+1n—j4r—2  qyyrds (G+1) (—jtntr—2y s —2)!r!
=y = (1) () () (= 2t
In[4:= mySum = ZZ Z (n—s)(s+1)(—j+n+r)! 5

j=0r=0 s=0

In[5]:= EvaluateMultiSum[mySum, {}, {n}, {1}]

—n?-n—-1 (-1)*(n®+n+1) 28[-2,n]  S[t,n] S[2,n]
n2(n+ 1)3 n2(n+1)° n+1  (m+1)?2  -n—1

Out[5]=



mbolic summation

This summation machinery is based on

1

S.A. Abramov. The rational component of the solution of a first-order linear recurrence relation with a rational right-hand side. U.S.S.R. Comput. Maths. Math. Phys., 15:216-221,
1975.

M. Karr. Summation in finite terms. J. ACM, 28:305-350, 1981.

S.A. Abramov. Rational solutions of linear differential and difference equations with polynomial coefficients. U.S.S.R. Comput. Math. Math. Phys., 29(6):7-12, 1989.

S.A. Abramov and M. Petkoviek. D'Alembertian solutions of linear differential and difference equations. In ISSAC'94, pages 169-174. 1994.

P. Paule. Greatest factorial factorization and symbolic summation. J. Symbolic Comput. 20(3), 235-268 (1995)

M. Petkoviek, H. S. Wilf, and D. Zeilberger. A = B. A. K. Peters, Wellesley, MA, 1996

M. van Hoeij. Finite singularities and hypergeometric solutions of linear recurrence equations. J. Pure Appl. Algebra, 139(1-3):109-131, 1999.

P. A. Hendriks and M. F. Singer. Solving difference equations in finite terms. J. Symbolic Comput., 27(3):239-259, 1999.

M. Bronstein. On solutions of linear ordinary difference equations in their coefficient field. J. Symbolic Comput., 29(6):841-877, 2000.

CS. Symbolic summation in difference fields. J. Kepler University, May 2001. PhD Th
CS. A collection of i bounds to solve i linear difference equations in TT1X-extensions. An. Univ. Timisoara Ser. Mat.-Inform., 42(2):163-179, 2004.

CS. Symbolic summation with single-nested sum extensions. In J. Gutierrez, editor, Proc. ISSAC'04, pages 282-289. ACM Press, 2004.
CS. Degree bounds to find polynomial solutions of parameterized linear difference equations in TIS-fields. Appl. Algebra Engrg. Comm. Comput., 16(1):1-32, 2005.

CS. Product representations in I S-fields. Ann. Comb., 9(1):75-99, 2005.

CS. Solving parameterized linear difference equations in terms of indefinite nested sums and products. J. Differ. Equations Appl., 11(9):799-821, 2005.

CS. Finding telescopers with minimal depth for indefinite nested sums and product expressions. In Proc. ISSAC'05, pages 285-292. ACM Press, 2005

M. Kauers and C. Schneider. Indefinite summation with unspecified summands. Discrete Math., 306(17):2021-2140, 2006,

CS. Simplifying Sums in TTS-Extensions. J. Algebra Appl., 6(3):415-441, 2007.

CS. A refined difference field theory for symbolic summation. J. Symbolic Comput., 43(9):611-644, 2008.

CS. A Symbolic Summation Approach to Find Optimal Nested Sum Representations. In A. Carey, D. Ellwood, S. Paycha, and S. Rosenberg, editors, Motives, Quantum Field Theory,
and Pseudodifferential Operators, pages 285-308. 2010.

cs. ized Telescoping Proves Algebraic of Sums. Ann. Comb., 14(4):533-552, 2010.

CS. Structural Theorems for Symbolic Summation. Appl. Algebra Engrg. Comm. Comput., 21(1):1-32, 2010.

CS. Simplifying Multiple Sums in Difference Fields. In: Computer Algebra in Quantum Field Theory: Integration, Summation and Special Functions, J. Bliimlein, C. Schneider (ed.),
Texts and Monographs in Symbolic Computation, pp. 325-360. Springer, 2013.

CS. Fast Algorithms for Refined i ing in Difference Fields. In Computer Algebra and Polynomials, Lecture Notes in Computer Science (LNCS), Springer, 2014.

CS. A Difference Ring Theory for Symbolic Summation. J. Symb. Comput. 72, pp. 82-127. 2016.

CS. Summation Theory II: Characterizations of RITS-extensions and algorithmic aspects. J. Symb. Comput. 80(3), pp. 616-664. 2017.

E.D. Ocansey, CS. Representing (q-)hypergeometric products and mixed versions in difference rings. In: Advances in Computer Algebra, C. Schneider, E. Zima (ed.), Springer
Proceedings in Mathematics & Statistics 226. 2018

S.A. Abramov, M. Bronstein, M. Petkovéek, CS. On Rational and Hypergeometric Solutions of Linear Ordinary Difference Equations in ITS* -field extensions. J. Symb. Comput.
107, pp. 23-66. 2021.

CS. Term Algebras, Canonical Representations and Difference Ring Theory for Symbolic ion. In: Anti-Di iation and the Calculation of Feynman Ampli J. Bliimlein
and C. Schneider (ed.), Texts and Monographs in Symbolic Computuation. 2021. Springer.
J. Ablinger, CS, Solving linear difference equations with coefficients in rings with i ions. In: Proc. ISSAC'21, pp. 27-34. 2021

CS. Refined telescoping algorithms in RIIS-extensions to reduce the degrees of the denominators. In: Proc. ISSAC '23, pp. 498-507. 2023
E.D. Ocansey, CS, Representation of hypergeometric products of higher nesting depths in difference rings. J. Symb. Comput. 120, pp. 1-50. 2024.



Part 2: The difference ring machinery for symbolic summation

Part 2: The machinery
for symbolic summation



Part 2: The difference ring machinery for symbolic summation

Part 2: The difference ring machinery



Part 2: The difference ring machinery for symbolic summation

Simplify a



Part 2: The difference ring machinery for symbolic summation

i Sy (k) =7
k=0

Simplify

1. aformalring A= Q(z) [s
~——
rat. fu. field

polynomial ring



Part 2: The difference ring machinery for symbolic summation

> Si(k) =
k=0

Simplify

1. a formal ring A = Q(z)[s]

2. an evaluation function

ev': Q(z) xN - Q
(M n) N p if g(n) #0
9(z)’ otherwise



Part 2: The difference ring machinery for symbolic summation

i Sy (k) =7
k=0

Simplify

1. a formal ring A = Q(z)[s]

2. an evaluation function

ev': Q(z) xN - Q
{% if q(n) # 0

q
0 otherwise

ev: Qz)[s§ xN —

ev(s,n) = Sy(n)



Part 2: The difference ring machinery for symbolic summation

> Si(k) =7
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1. a formal ring A = Q(z)[s]
2. an evaluation functionev: A x N — Q

ev': Q(z) xN - Q
{% if q(n) # 0

q
0 otherwise
ev: Q(x)[s] x N - Q
d d
( Zﬁ s’ n) — Z ev'(fi, n)S1(n)’ ev(s,n) = S;(n)
; =0

Definition: (A, ev) is called an eval-ring
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> Si(k) =7
k=0

Simplify

1. a formal ring A = Q(z)[s]
2. an evaluation functionev: A x N — Q

3. a ring automorphism
o Qx) — Q(z)
7(x) = r(z+1)

o: Q@ — Q@4 s st o
1

d d .
iz:(:)fisi — ;U/(fi)(s'i'ﬁ) S1(n+1)=51(n)+n+1

Definition: (A, o) with a ring A and automorphism o is called a
difference ring; the set of constants is

constoA ={ce A|o(c)=c}
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In this example:
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This is a special case of an RIIY-ring

S (s+ )

7=

0

built on Karr's DF
theory of II3¥-fields

S+ s—l—ﬁ
1

ct=Q
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a
Z Sy (k) =7 built on Karr's DF
=0 theory of 11X -fields

1. a formal ring A = Q(z)[s]
2. an evaluation functionev: A x N — Q

3. a ring automorphism o : A — A

ev and o interact:
ev(o(s),n) =ev(s+ ﬁ, n) g Si(n) + ﬁ =ev(s,n+1)
T(o(s) = (L1+3,14+5+3,...) =5(0,1,143,...)) = S((s))

T is an injective difference ring homomorphism:

124

(K(2)[s], o)

(7(Q()[(S1(n))nz0], ) | < K"/ ~, 9)
——

rat. seq.
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Further details: Symbolic summation in an RIIY-ring (A o)
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A= K(2)[p1, pr P2, 3] - - - [Pes p2 ][4 [51]

> with an automorphism where o(c) = ¢ for all ¢ € K and where
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(nested) hyperg.
products

« is a primitive Ath Ctk
root of unity

(nested) sum

a; € K(z)*

az € K(2)[p1,py 'I*

ac € K(z)[p1,py '] [pe-1, . 4]
=1

€ K(@)[p1,pi '] - - [pe: v 1[4
fo € K@)[p1,p7 '] . [pes p2 (A [1]
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Further details: Symbolic summation in an RIIY-ring (A o)
> a ring (containing Q)

A = K(2)[p1, py 1lp2. 93 '] - - [pes p ' 1[A[s1][s2] 5] - - -

> with an automorphism where o(c) = ¢ for all ¢ € K and where

(nested) hyperg. <+ o(p1)=ap a1 € K(z)*
products o(p2) = az2pa az € K(z)[p1, p; 11"

U(pe = QePe Ge € K(:E)[plvpl_l] cee [pe—l’pe_—ll]*
« is a primitive Ath CYk o O'(Z — az z)x -1

root of unity

o(s2) =s2+fo fo €K(@)pr,p']- - [pe 2 1[Als1]

)
)
(nested) sum < o(s1)=s1+f fi € K@)[p1,p7']. .. [pes 0 ][4
)
). =ss+fs f€K@)[pr,pr"]- - pes pe 1[Als1][52]
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Further details: Symbolic summation in an RIIY-ring (A o)
> a ring (containing Q) (Karr81,CS16,CS17,CS18)

A = K(2)[p1, py 1lp2. 93 '] - - [pes p ' 1[A[s1][s2] 5] - - -

> with an automorphism where o(c) = ¢ for all ¢ € K and where

(nested) hyperg. <+ o(p1)=ap a1 € K(z)*
products o(p2) = az2pa az € K(z)[p1, p; 11"

U(pe = QePe Ge € K(:E)[plvpl_l] cee [pe—l’pe_—ll]*

[pes . 1A
[pe, p2 M[A[1]
[pe, e (A [51][s2]

(nested) sum ¢+ o(s1)=s1+hH fi € K(oc)[]ol,pl_1

)

« is a primitive Ath CYk o O'(Z) — az z)x -1
)

o(s2) =s2+f fo€K(z)[p1,p;"

..

..

0(53). =s3+fs fr€K(@)[pr,prt]-

such that const, A = {c € Alo(c) = ¢} = K.
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Further details: Symbolic summation in an RIIY-ring (A, o)
> a ring (containing Q) (Karr81,CS16,CS17,CS18)

A = K(2)[p1, py 1lp2. 93 '] - - [pes p ' 1[A[s1][s2] 5] - - -

> with an automorphism where o(c) = ¢ for all ¢ € K and where
o) =z+1

(nested) hyperg. <+ o(p1)=ap a1 € K(z)*
products o(p2) = az2pa az € K(z)[p1, p; 11"

U(pe) = QePe Qe € K(fﬂ)[Pl,PTl] R [pe—l,pe__ll]*

o is a primitive Ath GIVEN fe A;
root of unity FIND, in case of existence, a g € A such that
(nested) s olg)—g=1f er e [
o(52) b2 + o Jo € K(@)[p1, by ]-- - [pe, v '] [A[s1]
o(sf=ss+f f €K@pr,pi 'l [pe v [As1][52]

T..
. ..
such that const, A = {c € Alo(c) = ¢} = K.
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Further details (2): Galois theory for RIIX-extensions
> a ring (containing Q)

A = K(z)[p1, py NP2, p3 '] - - [pes v A [s1][s2] - - [s7]

P with an automorphism as given in the previous slide.
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Further details (2): Galois theory for RIIX-extensions
> a ring (containing Q)

A = K(z)[p1, py NP2, p3 '] - - [pes v A [s1][s2] - - [s7]

P with an automorphism as given in the previous slide.

Theorem. The following statements are equivalent:
1. const,A = K.
(i.e., (A, o) is an RIIX-ring)

CS. A Difference Ring Theory for Symbolic Summation. J. Symb. Comput. 72, pp. 82-127. 2016.
CS. Characterizations of RIIX-extensions. J. Symb. Comput. 80, pp. 616-664. 2017.
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Further details (2): Galois theory for RIIX-extensions
> a ring (containing Q)

A = K(z)[p1, py NP2, p3 '] - - [pes v A [s1][s2] - - [s7]

P with an automorphism as given in the previous slide.

Theorem. The following statements are equivalent:
1. const,A = K.
(i.e., (A, o) is an RIIX-ring)
2. (A, o) is simple.

(i.e., there is no ideal in A which is closed under o except {0} and A)

3. There is an |embedding 7 | from (A, o) into the ring of sequences.

CS. A Difference Ring Theory for Symbolic Summation. J. Symb. Comput. 72, pp. 82-127. 2016.
CS. Characterizations of RIIX-extensions. J. Symb. Comput. 80, pp. 616-664. 2017.



Part 2: The difference ring machinery for symbolic summation

Further details (2): Galois theory for RII>-extensions
> a ring (containing Q)

A = K(@)p1, pr 1p2, 73] - [per 22 st ][s2] ... 1]

> with an automorphism as given in the previous slide.

Theorem. The following statements are equivalent:
1. const,A = K.
(i.e., (A, o) is an RIIX-ring)
2. (A, o) is simple.

(i.e., there is no ideal in A which is closed under o except {0} and A)

3. There is an [embedding 7| from (A, o) into the ring of sequences.

CS. A Difference Ring Theory for Symbolic Summation. J. Symb. Comput. 72, pp. 82-127. 2016.
CS. Characterizations of RIIX-extensions. J. Symb. Comput. 80, pp. 616-664. 2017.

Remark 1: Related results have been worked out in the Galois theory of difference
equations (van der Put/Singer, 1997) and (Hardouin/Singer, 2008)
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Further details (2): Galois theory for RII>-extensions
> a ring (containing Q)

A = K(@)p1, pr 1p2, 73] - [per 22 st ][s2] ... 1]

> with an automorphism as given in the previous slide.

Theorem. The following statements are equivalent:
1. const,A = K.
(i.e., (A, o) is an RIIX-ring)
2. (A, o) is simple.

(i.e., there is no ideal in A which is closed under o except {0} and A)

3. There is an [embedding 7| from (A, o) into the ring of sequences.

CS. A Difference Ring Theory for Symbolic Summation. J. Symb. Comput. 72, pp. 82-127. 2016.
CS. Characterizations of RIIX-extensions. J. Symb. Comput. 80, pp. 616-664. 2017.

Remark 2: Theory covers also the ¢-hypergeometric, mutli-basic and mixed cases
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O'(Si) :51+m

i=1,2,3,...
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1. (Q(2)[s1, s2,--.],0) is an RII¥-ring with
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Part 2: The difference ring machinery for symbolic summation

Example: algebraic independence of sequences
1. (Q(2)[s1, s2,--.],0) is an RII¥-ring with

1 ,
U(Si):5i+(x+1)i i=1,2,3,...
2. There is an embedding of the polynomial ring Q(z)[s1, s2,...] into

QYN/ ~ with

"1 "1
§1 — E - E —
=1 n>0 =1 n>0

= The generalized harmonic numbers

n n 1

Sl(n):Z%, sg(n)zzzé, S =3
=1 =1 =1

are algebraically independent among each other over the rational
sequences.



Part 2: The difference ring machinery for symbolic summation

Simplification of nested product-sum expressions

A(n): nested product-sum expression (sums/products not in the denominator)

l SigmaReduce[A,n]

B(n): nested product-sum expression (sums/products not in the denominator)

» such that

A(N) = B(\) for all A € N with A > &
(5 can be computed explicitly)



Part 2: The difference ring machinery for symbolic summation

Simplification of nested product-sum expressions

A(n): nested product-sum expression (sums/products not in the denominator)

J SigmaReduce[A,n]

B(n): nested product-sum expression (sums/products not in the denominator)

» such that

A(N) = B(\) for all A € N with A > &
(5 can be computed explicitly)

» and such that
the arising sums and products in B(n) (except the alternating sign)
are algebraically independent
(i.e., they do not satisfy any polynomial relation)
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Application 1: the expression B(n) is usually much smaller
Application 2: we solve the zero-recognition problem:

A(n) evaluates to 0 from a certain pointon < B=0



Part 2: The difference ring machinery for symbolic summation

Simplification of nested product-sum expressions

A(n): nested product-sum expression (sums/products not in the denominator)

J SigmaReduce[A,n]

B(n): nested product-sum expression (sums/products not in the denominator)

Application 1: the expression B(n) is usually much smaller
Application 2: we solve the zero-recognition problem:

A(n) evaluates to 0 from a certain pointon < B=0

Application 3: we get canonical form representations



Part 2: The difference ring machinery for symbolic summation

].. Creative telescoping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n
F(n) = Zf(n, k’); f(n, k): indefinite nested product-sum in k;
k=0

n: extra parameter

FIND a recurrence for F(n)

2. Recurrence solving

GIVEN a recurrence ao(n), . .., aq(n), h(n):
indefinite nested product-sum expressions.

ap(n)EF(n) + -+ + ag(n)F(n+ d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, 2021)

3. Find a “closed form”

F(n)=combined solutions in terms of indefinite nested sums.
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P> numerics

P> computer science

> elementary particle physics (QCD)



Part 3: Challenging applications in combinatorics

On January 22, 2020 | received the following email by Doron Zeilberger:

Dear Carsten,

I (and Shalosh) just posted a paper
https://arxiv.org/abs/2001.06839

with a challenge to you (see the middle of page 4)

Can you (and Sigma) extend theorem 5 of that paper
to the general case with k absent-minded passengers?

If you and Sigma can do the fourth moment, and derive
the asymptotic in n (with a fixed but arbitrary k), I will
donate $100$ to the OEIS in your honor.

Best wishes,
Doron

26
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On January 22, 2020 | received the following email by Doron Zeilberger:

Dear Carsten,

Thi ovoked various heavy cal-

cul eans of computer alge-
bra that'solved fully the above challenge
(based on beautiful results of Doron)

In the following only the symbolic sum-
mation aspect is illustrated.

If you and d derive
the asymptotic in n\wes e arbitrary k), I will
donate $100$ to the OEIS in your honor.

Best wishes,
Doron

27
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n > 2 passengers take step-wise their seats in a plane with n seats.

1. The first kK > 1 passengers are absent-minded, i.e., they loose their seat
tickets and take a seat uniformly at random.

2. Each of the remaining n — k passengers takes the dedicated seat if it is
still free; otherwise, they choose uniformly at random one of the still
available free seats.
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n > 2 passengers take step-wise their seats in a plane with n seats.

1. The first kK > 1 passengers are absent-minded, i.e., they loose their seat
tickets and take a seat uniformly at random.

2. Each of the remaining n — k passengers takes the dedicated seat if it is
still free; otherwise, they choose uniformly at random one of the still
available free seats.

l[Henze/Last:arXiv:1809.10192]

The expected value for the passengers sitting in the wrong seat is
—k+n

E(X,
( n) + Z 1—i+n
and the variance is

—k+n . 1—i—k+n
k(n—1 (1—i—k+n)(1 - 5554
v(x,) = M-l Mz e

n
=1
k —k+n 1—j—k+n 1—j—k+n

+2 k ZZ —j+n ; 1—j+n

=1 j=1
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—k+n
_k(n—1) k
Injel:= E = B + Z _—

in[7]:= EvaluateMultiSum[V, {}, {k, n}, {1, 2}, {n, Infinity }]

—kS[1, k] + kS[1, 0] + k(n — 1)

n

Out[7]=
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—kfn
k(n—1) k
=0 + E —

Inje]:= E

in[7]:= EvaluateMultiSum[V, {}, {k, n}, {1, 2}, {n, Infinity }]

—kS[1,k] + kS[1,n] + k(n — 1)

n

Out[7]=

2 —
n = 1—i+n

In[gl:= V

Kk —kfn 1=j—ktn _ 1—j—k+n>
b

k—1)k —j+n —j+n
+2<2§n 1;n2+2 Z = =

n
i=1 j=1

In[9]:= EvaluateMultiSum[V, {}, {k, n}, {1, 2}, {n, Infinity }]
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—k+n
k(n—1) k
n6l=E = ——= S ——
Infs] re D DI s
in[7]:= EvaluateMultiSum[V, {}, {k, n}, {1, 2}, {n, Infinity }]

—kS[1,k] + kS[1,n] + k(n — 1)

n

Out[7]=

2 —
n = 1—i+n

In[gl:= V

Kk —kfn 1=j—ktn _ 1—j—k+n>
b

k—1)k —j+n —j+n
+2<2§n 1;112 +Z Z = n =

i=1 j=1
In[9]:= EvaluateMultiSum[V, {}, {k, n}, {1, 2}, {n, Infinity }]

k(2 S[1,k] k(2 S[1
outfo]= — (2+ )81, ]+ (2+ 0)S[t, 0] +k2s[2, k] — k?S[2,n]
n n
2k — k? — 2n — 2kn + 2k?n + 2n° — kn?
(n—1)n?
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Other highlights related to combinatorial problems

> Plane Partitions VI: Stembridge's TSPP Theorem
(joint with G.E. Andrews, P. Paule; 2005)

» Unfair permutations
(joint with H. Prodinger, S. Wagner, 2011)

> Asymptotic and exact results on the complexity of the
Novelli-Pak-Stoyanovskii algorithm
(joint with R. Sulzgruber; 2017)

» Evaluation of binomial double sums involving absolute values
(joint with C. Krattenthaler; 2020)
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Part 3: Challenging applications in number theory
[Arose in the context to explore rational approximations of ((4)]

Conjecture (Wadim Zudilin) For integers n > m > 0, define two rational
functions

(t—n)m (t—2n~+ m)an—m

R() = Run(t) = (~1)"(t+ 3

ml (2n — m)!
(t+n+1)p (t+n+1ap_m ( n! )2
(O)nt1 (D)2n—m+1 (D)nt1

and

R = R = g 2 Z( > (- i) e,

2n m+1
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[Arose in the context to explore rational approximations of ((4)]

Conjecture (Wadim Zudilin) For integers n > m > 0, define two rational
functions

(t—n)m (t—2n~+ m)an—m

R() = Run(t) = (~1)"(t+ 3

ml (2n — m)!
(t+n+ 1) (t+n+Dap_m ( n! )2
(t)nt1 (H)2n—m+1 (Dn+1
and
=N % ol (t—n)2n-m 2n—m—+ 7\ (t—j)n
BH) = Bumlt) = (t)nr1(t)2n—mt1 Z( ) ( ) nl
Then B
1 = dR(t)| 1= BR(Y)
3 > dt - EZ a2 | _
v=n—m+1 = v=1 t=v
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[Arose in the context to explore rational approximations of ((4)]

Theorem (CS, Sigma, Zudilin) For integers n > m > 0, define two
rational functions

R(1) = Ryu(t) = (-1 (14 2) 2 (2 20 W20

ml (2n — m)!
(t+n+1)n (t+n+Donm [ o\
) (t)n—l—l (t)2n—m+1 ((t)n+1>
and
= ol (t—1n)2n-m 2n—m+ 7\ (t— 7
R(t) B Rn’m(t) B (t)nJrl 2n— m+1 Z ( ) ( ) n! '
Then




Part 3: Challenging applications in number theory
Proof tactic: Both sides of

v=n—m+1

satisfy the same recurrence:
ag(n, m)Z(n, m) + aq1(n, m)Z(n, m+ 1) + aa(n, m)Z(n,m+2) =0
with
ag(n, m) = (2n— m)3,
a1(n,m) = —(4n—2m — 1)(6n* — 24n®m + 22n*m? — 8nm?® + m* — 24n°
+ 30n%m — 1dnm? + 2m? + 8n? — 10nm + 2m? — 4n + m),
as(n,m) = —(2n—m —1)>(4n — m)(m + 2).




Part 3: Challenging applications in number theory
Proof tactic: Both sides of

v=n—m+1

satisfy the same recurrence:

ag(n, m)Z(n, m) + aq1(n, m)Z(n, m+ 1) + aa(n, m)Z(n,m+2) =0

=5(n,m)
“n oo 7 S -1 n
RHS = é(zz Gi(n, m, j,v) —1—2 Z Ga(n, m, j,v)
=0 v=1 7=0 v=j+1

Y i)

j=1v=1
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n oo n\ 2 (j—m+2n v idu4m
s<n,m)=ZZ( () (T (4 9)mgan( =i+ v+ W) 14
S\t v+ M+ v 1) _pan( + Wiy — m+20)°

2 j ! S
x (@m0 —m+ (=== = =g - B)

+251(v+n) —S1(v+2n) —S1(v —m+3n) —Si(—j+v+n)
+Sl(u—m+2n)+51(—j+u+2n))

1
_y(]—u—n)(u—m+2n)(—m—Sl(v)+251(u+n)—51(u+2n)
—Sl(u—m+3n)—Sl(—j+I/+n)+Sl(u—m+2n)+31(—j+u+2n))

1
+u(u+n)(u—m+2n)(—m—Sl(u)+231(u+n)—sl(u+2n)
7S1(1/7m+3n)731(7j+u+n)+Sl(ufm+2n)+5'1(7j+u+2n))
1

—G—v— mtom) (- —— g8 28
G=v=mEtn-mt2mn(- = = S10) + 2510 + 1)
— S1(vr+2n) — S1(v —m+3n) —S1(—j+v+mn)

+ S1(v —m+ 2n)+Sl(—j+V+2n))

+u(j—u—n)(u+n)(u—m+2n)(— m — So(v) +2S52(v +n)

— Sa(v +2n) — Sa(v —m+3n) — Sa(—j+v+mn)
+ 8a(v — m+ 2n) + Sa(—j+ v + 2n) )
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+ 4G+ n)(v + n) —3(V+n)2 + n(—m+ n) —j(m+2n))
,2(1/+n)(7 v(ij—v—n)(v+n)(v—m+ 2n)(7 m — S1(v)

+251(v+n) = S1(v+2n) — S (v —m+3n) — S1(—j+v+n)
+Sl(l/—m+2n)+51(—j+l/+2n))
+2jn(m = n) + 2G+ W) (v + 1) = (v + )® = (v + n) (n(m — n) + j(m + 2n)) )

— 30— met 20 (= vl =)=t 20— e =S )

+251(v+ 1) — S1(v+2n) — S1(v — m+3n) — S1(—j+v+n)
+Sl(u7m+2n)+51(fj+u+2n))

+ 2jn(m — n) + 2(j + n)(u+n)2 - (u+n)3 — (v +n)(n(m—n) +j(m+2n)))

v

—j+v+2n

= S1(v) +281(v +n) — S1(v +2n) = S1(v = m+3n) — S1(—j+v+n)

+ 81(v — m+ 2n) + S1 (=i + v + 2n) )

— (V+n)(1/7m+2n)(7 v(ij—v—n)(v+n)(v—m+ 2n)(7

+2jn(m = n) + 2G+ W) (v +n)? = (v + w)® = (v + n) (n(m = n) + j(m + 2n)) )
x (= S1(v+mn)+ S1(v +2n))
1
—j+v+42n
—S1(v)+25(v+n)—S1(v+2n) — S1(v—m+3n) — S1(—j+v+n)

+(V+n)(u7m+2n)(7u(j7ufn)(u+n)(ufm+2n)(f
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+Sl(u—m+2n)+51(—j+u+2n))
+ 2jn(m — n) + 2(j + n)(u+n)2 — (V+n)3 — (V+n)(n(m7 n)+j(m+2n))>
x (= S1(v) + S1(v — m+ 2n))
1
—j+v+2n
= S1(¥) + 251 (v +n) = S1(v+2n) = S1(v —m+3n) — S1(—j+v+n)

—(v+nv—m+ 2n)(— v(ij—v—n)(v+n)(v—m+ 2n)(—

+Sl(u—m+2n)+51(—j+u+2n))
+ 2jn(m — n) + 2(j + n)(t/Jrn)2 — (V+n)3 — (v +n)(n(m— n)+j(m+2n))>
X (= S1(v+n)+ Si(v — m+ 3n))
1
—j+v+2n
= S1(v) + 251 (v +n) = S1(v+2n) = S1(v —m+3n) — S1(—j+v+n)

+(u+n)(u—m+2n)(—u(j—u—n)(l/+n)(u—m+2n)(—

+ 81(v —m+2n) + S1(—j+ v+ 2n))
+ 2jn(m — n) + 26+ n) (v +n)° — (v +n)°
= W+ n)(n(m = n) + j(m + 2n)))

1
x (— m —Sl(-]+l’+”)+Sl(—J+V+2")))>
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T(n7m7j)
Sigma.m with
DR-creative telesoping

+ a2(n7 ma]) T(na m,j+ 2) = ag(n, m, ])
T(n7 ,m+ 1) = bO(”? m, J) T(nv m, ]) + bl(n7 m, ]) T(?’L, m,j+ 1) = b2(na m, ])
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n (e o]

S(Tl, m) = ZF(H, ’m,,j,l/)

7=0 v=1

T(n7m7j)
Sigma.m with
DR-creative telesoping

+ a2(n7 ma]) T(”? ma]+ 2) = a3(nv m, ])
T(”v ,m+ 1) = bO(”v m, ]) T(’I’L, m, ]) + bl(n7 m, ]) T(’I'L, m,j+ 1) = bQ(TL, m, .7)

Sigma.m with
Holonomic-DR approach
(2n — m)®S(n, m)

— (4n—2m—1)(6n* —24n®m+22n?m? — 8nm? +m* —24n> + 300> m—14nm?
+2m> + 8n% — 10nm + 2m?* — 4n+ m)S(n, m + 1)
— (2n—m—1)3(4n— m)(m+ 2)S(n, m+ 2) = R(n, m)
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Proof tactic: Both sides of

v=n—m+1

satisfy the same recurrence:

ag(n, m)Z(n, m) + a1(n, m)Z(n, m+ 1) + aa(n, m)Z(n,m+2) =0

SigmaReduce

=5(n,m)
“n oo 7 S -1 n
RHS = é(zz Gi(n, m, j,v) —1—2 Z Ga(n, m,j,v)
=0 v=1 7=0 v=j+1

+ i i Gs(n, m, j, 1/))

j=1v=1
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Proof tactic: Both sides of

1 i drR(t)| li P R(t)
dt |_, 6 e |
v=n—m+1 v v=1 v

satisfy the same recurrence:

ag(n, m)Z(n, m) + a1 (n, m)Z(n, m+ 1) + as(n, m)Z(n,m+2) =0

Finally, check 2 initial values: another round of non-trivial summation...
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Highlights related to number theory

> Apéry’'s double sum is plain sailing indeed (2007)

> When is 0.999... equal to 17
(joint with R. Pemantle; 2007)

> Gaussian hypergeometric series and extensions of supercongruences
(joint with R. Osburn; 2009)

> A case study for ((4)
(joint with W. Zudilin; 2021)

> Error bounds for the asymptotic expansion of the partition function

[compare Hardy-Ramanujan, Wright, Rademacher, Lehmer, O'Sullivan]

(joint with K. Banerjee, P. Paule, C.-S. Radu; 2023)
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Part 3: Challenging applications

> combinatorics

> special functions
» number theory
P statistics

P> numerics

P> computer science

» elementary particle physics (QCD)
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behavior of particles
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1 e

behavior of particles

Feynman integrals



Part 3: Challenging applications in particle physics

Feynman integrals

/Olsz:c



Part 3: Challenging applications in particle physics

Feynman integrals

/11'N(1+a:)Ndx
0
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Feynman integrals

/1 N1+ )N i
0

(1 _ x)lJrs
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Feynman integrals

1:1,‘N1+I1
// 1_x11+5...d:1:1dx2
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Feynman integrals

11,‘NI+CL’1
/// 1—$11+E' .d:rldxgd{l?g
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Feynman integrals

1:ENl-I—:c
/ / / / 1_1:1 11+s . dxl d$2 d:l?g d.’I?4
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Feynman integrals

Va1 4 2N
///// 1—1:111+8"d$1d$2d$3d564dx5
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Feynman integrals

I‘TN1+$
[ oo o
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Feynman integrals

SS(N0)

j=0 k=0

UalN(1 4 gy ) N-otk
X/O///// (1—z)i+e oo dry dxp dr3 dag dos drg
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Toon
Feynman integrals m@
N-3

i agram [arXiv:1509.08324]
S (L))
0 o N2/ ARE

></0/0/0/0/01/019(1—365—"166)(1—11”2)(1—fL“4)952_E

(1 - 1'2)_5332/2_1(1 . .734)8/2_1%’;_1158/2

a 3-loop massive ladder di-

-

[—a3(1 — 24) — 24(1 — 75 — 26 + 2571 + 7623)]"

+ (1 — 2a) — (1 — 20) (1 — a5 — 26 + 2571 + 2673)]"

X (1 — x5 — 26 4 w5m + 2513) F(1 — 29) V37

X [z — (1 — 25 — xg) — 2521 — !176.%'3]N_3_j dxy dxo dxs dxy dos dxg
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Evaluation Of Feynman Integrals (joint with J. Bliimlein, P. Marquard since 2007)

1 e

behavior of particles

Feynman integrals
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Evaluation Of Feynman Integrals (joint with J. Bliimlein, P. Marquard since 2007)

m@m / O(N, e, ) dz

behavior of particles

Feynman integrals

DESY

> f(N,e, k)
complicated
multi-sums
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Evaluation Of Feynman Integrals (joint with J. Bliimlein, P. Marquard since 2007)

1 e

behavior of particles

Feynman integrals

DESY

> f(N,e, k)
expression in complicated
special functions (Sigma-package) multi-sums

advanced difference ring theory
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Toon
Feynman integrals m@
N-3

i agram [arXiv:1509.08324]
S (L))
0 o N2/ ARE

></0/0/0/0/01/019(1—365—"166)(1—11”2)(1—fL“4)952_E

(1 - 1'2)_5332/2_1(1 . .734)8/2_1%’;_1158/2

a 3-loop massive ladder di-

-

[—a3(1 — 24) — 24(1 — 75 — 26 + 2571 + 7623)]"

+ (1 — 2a) — (1 — 20) (1 — a5 — 26 + 2571 + 2673)]"

X (1 — x5 — 26 4 w5m + 2513) F(1 — 29) V37

X [z — (1 — 25 — xg) — 2521 — !176.%'3]N_3_j dxy dxo dxs dxy dos dxg
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j’s’ LR

] = F_3(N)e? + Fa(N)e ™ + Fi(N)e ™" +| Fo(N)
Simplify I
-3 J k —j+N-3 —l+N—q—3 —l+N—q—s—3

Z >0 Z Z S (L) RNy

7=0 k=0 (=0 r=0

(iii)(’i)(’fl%)( J*;V‘ ) “”;" %) M ) b N s-3) (5-1)!
x (—HN=g=D N~ N-1)(N=g—r—s=2)(gs+1)

451(—j+ N-1) —451(—j+ N-2)— 251(k)
—(S1(=l+N-qg—2)+ S (-l+ N—g—r—5-3) =281 (r+59))

+281(s—1) —281(r+ s)| + 3 further 6-fold sums
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Fo(N) |=
(17TN+5)S1(N)3 35N> —2N—5  13S3(N)  5(-1)N
BSl(N)4 TN D ( 2NZ(N + 1)2 2 2N2
_1\N
(- oy + (o E ) - Bsw + (5 - 050

)S1(N)?

+ (24 2(=1)V) Sy 1 (N) — 2855 1 (N) + ;3((1\—]1)1‘1’))51(1\0 N (% D)5

—2(=1)NS_5(N)2 + S_s(M(i(,?;vV; 15)) (264 4(-1)N) S (V) + 4](\:)1N)

+ ((;Nj(% — S2)Sa(N) + 52 (M) (1081(N)? + (%

+ ]\(I(N+11))S %+(722+6(71)N)S2(M7N(1\1/7(11))
(%—*)S(Mﬂf (—1)M)S4(N) + (— 6+ 5(—1)N)5_s

. W — )82 (W) + (20 4+ 2(-1)%) 82, 3(N) + (= 17+ 13(-1)) S5,1(W)

) (_1)N(2JJ\\I/(J;\/2T)4(9N+ D s 0 0(N) — (244 4(-1)M)S_s.1(N) + (3 — 5(~1)) Sa.1.1 (W)

3

+325 511 (N) + <2 Ssl(N)

51(N)? — ( DVS_s (N)> (2)
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Fo(N) | =

551(

(35N2—2N 5 13S3(N)  5(—1)N
2N2(N+ 1)2 2 2N?

N,
)(N(i]i)* D Bsm0+ (2 - cMssm
20(—1)N

(N)3

)S1(N)?

+(@2+2(-D)" SQ,I(N) =288 (M) + ) S + (% ) 80

—2(~1)NS_o(N)2 + S_s(M(i(,?]]vV; 15)) (264 4(-1)N) S (V) + 4](\:)1N)

+ ((;Nj(% — S2)Sa(N) + 52 (M) (1081(N)? + (%

+ ]\(I(N+11))S %+(722+6(71)N)S2(N)7N(;7(11))
(%—*)S(MH— (—1)M)S4(N) + (— 6+ 5(—1)N)5_s

. W — )82 (W) + (20 4+ 2(-1)%) 82, 3(N) + (= 17+ 13(-1)) S5,1(W)

) (_1)N(2JJ\\I/(J;\/2T)4(9N+ D s 0 0(N) — (244 4(-1)M)S_s.1(N) + (3 — 5(~1)) Sa.1.1 (W)

+32S2,171(N)+<251(N)2 Ssl(N) (1)Ns (N)>C(2)
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Fo(N) | =

551( - (N)3 (BSAAZ(;viNl)f 135;(1\]) 5(2_1\}2)1\[)51(1\02

BB =S 2

+(2+2=D" 52,1(-7\7)—285—2 1(N) + 20((1.' )S2(N)2

_2(_1)NS_2(M2+S‘3(M(1\(/?1]\/V+ 15)) + (264 4( ad

+ ((Qlj\f;v(++1§\r) - i)Sz(N) + S_5(N) (1081 (N)? + (%

+ 1\(I(N+11))S %+(*22+6(*1)N)52(1\0*N(;7i1))
(%_*)S (N)JF(* ()M S2(N) + (= 6+ 5(~1)")S_4

T W — )82 (W) + (20 4+ 2(-1)%) 82, 3(N) + (= 17+ 13(-1)) S5,1(W)

_ (—I)N(2J]\\/[(—|;\]1_')_—:)4(9N+ D bam- (244 A1) g1 () + (3 — 5(=1)¥) Sa.1.1 (N)

3

+325_2,1,1(N)+<251(N)2 3R 4 2N, (N)) 8
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Fo(N) | =
7 i (N)3 35N?2 —2N—5 13S3(N) = 5(-1)¥
125 ( 2NZ(N + 1)2 2 oz )5
e )N(2N+1)_E 29 N
+ ( 1D )S(N)+ - nMs
20(

\ 52,1(N) —285_3,1(N) +
23N 5)

_2(—1)Ns_2(N)2+5_3(J\/')(N(N+1) + (26 + 4( w5 )
(-1~ 8(-1)N(2N+1)
+ (55m i 1" Cwey
4(3N — 5 T 16
e = R N(N+1>)
a1 N . 9 N
+ S N) + 6+ 5(— S_4
Tlsanmm= —2% (o)
+ (- LS} i=1 So,—2(N) + (= 17+ 13(=1)N) S5,1 (V)
_M\N
= 5 (211\6&11T)4(9N+ D6 000~ (244 408 510 + (3~ 5-1)V) 211 (M)

3

v
_,’_325_2’1'1(]\[)_’_ <251(]V)2 33’1(]\0

( DVS_s (N)> (2)
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element AB . Q)

All diagrams are produced with axodraw (J. Vermaseren).
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(arose in the calculation of the gluonic operator matrix element AB P Q)

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

Mellin-Barnes-
and qu—technologies\
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element AB P Q)

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

Mellin-Barnes-
and qu—technologies\

Typical triple sum:

N d 2—k 3eny
Z Z Z (4+s)(—2+N)(;i:-N)N7r(—1) x 272 T T Ry
j=0 i=0 k=0

P(1= § —iHA4RD(— 1= §)T(2+ 5)T 1+ NI (I+e+i—HT(— 3£ +0D(1—e+HT (3—e+HI(— L =548

T(-3 -3+ 5 rE+)TA+NT2—i+)T (2—e+RT(§ —c+HT (= 5+OT(+5+N)



Part 3: Challenging applications in particle physics

Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element AB P Q)

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

Mellin-Barnes-
and , F-technologies

Typical triple sum:

N d 2k 3eny
Z Z Z (4+s)(—2+N)<2—i:-N)N7r(—1) x 272 T T Ry
j=0 i=0 k=0

P(1= § —iHA4RD(— 1= §)T(2+ 5)T 1+ NI (I+e+i—HT(— 3£ +0D(1—e+HT (3—e+HI(— L =548

T(-3 -3+ 5 rE+)TA+NT2—i+)T (2—e+RT(§ —c+HT (= 5+OT(+5+N)

6 hours for this sum

~ 10 years of calculation time for full expression
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element AB P Q)

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

Mellin-Barnes-
and qu—technologies\

lSumProd uction.m (2 hours)

expression (377 MB)
consisting of 8 multi-sums
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element AB P Q)

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

Mellin-Barnes-
and qu—technologies\

lSumProd uction.m (2 hours)

expression (377 MB)
consisting of 8 multi-sums

lEvaIuateMuItiSums.m
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element A”)Q)

sum | size of sum | summand size of time of number of
(with €) constant term | calculation indef. sums

N—3i1—2 i3 oo
DD 17.7 MB 266.3 MB | 177529's (2.1 days) 1188
ig=21i3=0ig=01i; =0

N—4i3—1 oo

DD 232 MB 1646.4 MB | 980756 s  (11.4 days) 747
i3=3ipg=0i] =0
N—4 oo
>3 67.7 MB 458 MB | 5244855 (6.1 days) 557
ip=3 i1 =0
S 38.2 MB 90.5 MB | 689100s (8.0 days) 44

i1=0
N-3i4—2 i3 i
S5 > 1.3 MB 6.5 MB 305718 s (3.5 days) 1933
ig=2 i3 =0 ip=0i; =0
N—4i3—1 g

DS 11.6 MB 324 MB | 7105765 (8.2 days) 621
i5=3 ip=0 i1 =0
N—4 g
S 4.5 MB 5.5 MB 435640 s (5.0 days) 536
i3=3i,=0
TN
> 0.7 MB 1.3 MB 9017s (2.5 hours) 68

i1=3
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element AB P Q)

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

Mellin-Barnes-
and , F-technologies

lSumProd uction.m (2 hours)

expression (377 MB)
consisting of 8 multi-sums

lEvaIuateMuItiSums.m
(3 month)

expression (154 MB)
consisting of 4110 indefinite sums
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element AM)Q)

Most complicated objects: generalized binomial sums, like

P

21—y

<.
._\

=1 i

% zh: ]:211'
()
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element AB P Q)

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

Mellin-Barnes-
and , F-technologies

lSumProd uction.m (2 hours)

expression (377 MB)
consisting of 8 multi-sums

lEvaIuateMuItiSums.m
(3 month)

expression (8.3 MB)
consisting of
74 indefinite sums

_Sigma.m (32 days) | expression (154 MB)
) consisting of 4110 indefinite sums
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Evaluation Of Feynman Integrals (joint with J. Bliimlein, P. Marquard since 2007)

1 e

behavior of particles

Feynman integrals

DESY

> f(N,e, k)
expression in complicated
special functions (Sigma-package) multi-sums

advanced difference ring theory
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Evaluation Of Feynman Integrals (joint with J. Bliimlein, P. Marquard since 2007)

1 e

behavior of particles

Feynman integrals

DESY

LHC at CERN

applicable

> f(N,e, k)
expression in complicated
special functions (Sigma-package) multi-sums

advanced difference ring theory
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Evaluation Of Feynman Integrals (joint with J. Bliimlein, P. Marquard since 2007)

,:%3 TETTIYT
THO0D s
99900509

behavior of particles

o5

Ty
o

Lru

CRLIE

?,_
e,

/ O(N, e, ) dz

Feynman integrals

o What ,se look like in the first second
e Do the 4 fundamental forces unite at high energies?

e Do the properties of the new particle agree with DESY
the predicted Higgs-Boson?

applicable

// Zf(N, €, k)

expression in advanced difference ring theory complicated

special functions (Sigma-package) multi-sums




