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1. Introduction
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Theorem (Cauchy-Kovalevskaya, 1875)

The Cauchy problem



























































































∂u1

∂z1
=

n
∑

j=2

m
∑

k=1

a1,j,k(z2, . . . , zn, u1, . . . , um)
∂uk

∂zj
+ b1(z2, . . . , zn, u1, . . . , um),

.

..

∂um

∂z1
=

n
∑

j=2

m
∑

k=1

am,j,k(z2, . . . , zn, u1, . . . , um)
∂uk

∂zj
+ bm(z2, . . . , zn, u1, . . . , um),

u1(0, z2, . . . , zn) = 0 for all z2, . . . , zn,

.

.

.

um(0, z2, . . . , zn) = 0 for all z2, . . . , zn,

where ai,j,k and bi are real analytic functions around the origin of Rm+n−1, has a
unique real analytic solution (u1, ..., um) in a neighborhood of (z1, ..., zn) = (0, ..., 0).
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dérivées partielles, Journal de mathématiques pures et appliquées, 3e
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Algebraic Geometry

{

R → R2

t 7→
(

2t
t2+1

, t2−1

t2+1

)

x

y

x2 + y2 − 1 = 0
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Algebraic Geometry

{

R → R2

t 7→
(

2t
t2+1

, t2−1

t2+1

)

x

y

x2 + y2 − 1 = 0

Eliminate t in x =
2t

t2 + 1
, y =

t2 − 1

t2 + 1
. . .
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Special Solutions
∂v
∂t

+ v · ∇v − ν∆v + 1

ρ
∇p = 0 (Navier-Stokes)

∂ρ
∂t

+∇ · (ρv) = 0

cylindrical coordinates r, θ, z, ρ ≡ 1 (incompressible flow)

Topical Day on Differential Elimination 11/12/23



Special Solutions
∂v
∂t

+ v · ∇v − ν∆v + 1

ρ
∇p = 0 (Navier-Stokes)

∂ρ
∂t

+∇ · (ρv) = 0

cylindrical coordinates r, θ, z, ρ ≡ 1 (incompressible flow)

Ansatz: vi(r, θ, z) = fi(r)gi(θ)hi(z), i = 1, 2, 3

PDE: uux,y − uxuy = 0,
u ∈ {v1, v2, v3},

(x, y) ∈ {(r, θ), (r, z), (θ, z)}
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Special Solutions
∂v
∂t

+ v · ∇v − ν∆v + 1

ρ
∇p = 0 (Navier-Stokes)

∂ρ
∂t

+∇ · (ρv) = 0

cylindrical coordinates r, θ, z, ρ ≡ 1 (incompressible flow)

Ansatz: vi(r, θ, z) = fi(r)gi(θ)hi(z), i = 1, 2, 3

PDE: uux,y − uxuy = 0,
u ∈ {v1, v2, v3},

(x, y) ∈ {(r, θ), (r, z), (θ, z)}

one of the many simple systems of the Thomas decomposition:

v(t, r, θ, z) =
(

−
(t+c2)F1(t)

r
− r

2(t+c2)
,

(θ+c1)r
t+c2

, 0
)

,

p(t, r, θ, z) = (t+ c2) ln(r)Ḟ1(t)−
(t+c2)

2F1(t)
2

2r2
+ (ln(r) + (θ + c1)2)F1(t)

+F2(t)−
2ν ln(r)
t+c2

+
((θ+c1)

2
−

3

4
)r2

2(t+c2)2
.
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3 Thomas decomposition of differential systems

4 Nonlinear control theory

Topical Day on Differential Elimination 11/12/23



2. Janet bases
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Janet’s algorithm for linear PDEs















∂2u

∂x∂y
−

∂u

∂y
= 0

∂2u

∂x2
−

∂u

∂y
= 0

find: u = u(x, y) analytic
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Janet’s algorithm for linear PDEs















∂2u

∂x∂y
−

∂u

∂y
= 0

∂2u

∂x2
−

∂u

∂y
= 0

find: u = u(x, y) analytic

u(x, y) = a0,0 + a1,0 x+ a0,1 y + a2,0
x2

2!
+ a1,1

xy
1!1!

+ a0,2
y2

2!
+ . . .
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Janet’s algorithm for linear PDEs















∂2u

∂x∂y
−

∂u

∂y
= 0

∂2u

∂x2
−

∂u

∂y
= 0

find: u = u(x, y) analytic

u(x, y) = a0,0 + a1,0 x+ a0,1 y + a2,0
x2

2!
+ a1,1

xy
1!1!

+ a0,2
y2

2!
+ . . .
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Janet’s algorithm for linear PDEs















∂2u

∂x∂y
−

∂u

∂y
= 0

∂2u

∂x2
−

∂u

∂y
= 0

find: u = u(x, y) analytic

∂
∂x

(

∂2u
∂x∂y

− ∂u
∂y

)

− ∂
∂y

(

∂2u
∂x2 − ∂u

∂y

)

−→ ∂2u
∂y2 − ∂u

∂y
= 0

u(x, y) = a0,0 + a1,0 x+ a0,1 y + a2,0
x2

2!
+ a1,1

xy
1!1!

+ a0,2
y2

2!
+ . . .

Topical Day on Differential Elimination 11/12/23



Janet’s algorithm for linear PDEs















∂2u

∂x∂y
−

∂u

∂y
= 0

∂2u

∂x2
−

∂u

∂y
= 0

find: u = u(x, y) analytic

∂
∂x

(

∂2u
∂x∂y

− ∂u
∂y

)

− ∂
∂y

(

∂2u
∂x2 − ∂u

∂y

)

−→ ∂2u
∂y2 − ∂u

∂y
= 0

u(x, y) = a0,0 + a1,0 x+ a0,1 y + a2,0
x2

2!
+ a1,1

xy
1!1!

+ a0,2
y2

2!
+ . . .
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Janet’s algorithm for linear PDEs















∂2u

∂x∂y
−

∂u

∂y
= 0

∂2u

∂x2
−

∂u

∂y
= 0

find: u = u(x, y) analytic

∂
∂x

(

∂2u
∂x∂y

− ∂u
∂y

)

− ∂
∂y

(

∂2u
∂x2 − ∂u

∂y

)

−→ ∂2u
∂y2 − ∂u

∂y
= 0

u(x, y) = a0,0 + a1,0 x+ a0,1 y + a2,0
x2

2!
+ a1,1

xy
1!1!

+ a0,2
y2

2!
+ . . .

Janet’s algorithm computes a vector space basis for power series solutions

(Maurice Janet, ∼ 1920)
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Decomposition into disjoint cones

Strategy of Janet’s algorithm:

decompose set of leading monomials into disjoint cones
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Decomposition into disjoint cones

Strategy of Janet’s algorithm:

decompose set of leading monomials into disjoint cones

〈 ∂1∂
2
2 , ∂

3
1∂2, ∂

4
1 〉
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Decomposition into disjoint cones

Strategy of Janet’s algorithm:

decompose set of leading monomials into disjoint cones

〈 ∂1∂
2
2 , ∂

3
1∂2, ∂

4
1 〉

decomposition:

∂1∂
2
2 { ∗ , ∂2 }

∂2
1∂

2
2 { ∗ , ∂2 }

∂3
1∂2 { ∗ , ∂2 }

∂4
1 { ∂1 , ∂2 }
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Decomposition into disjoint cones

Strategy of Janet’s algorithm:

decompose set of leading monomials into disjoint cones

〈 ∂1∂
2
2 , ∂

3
1∂2, ∂

4
1 〉

decomposition:

∂1∂
2
2 { ∗ , ∂2 }

∂2
1∂

2
2 { ∗ , ∂2 }

∂3
1∂2 { ∗ , ∂2 }

∂4
1 { ∂1 , ∂2 }

This can also be done for Mon(∂1, . . . , ∂n)− S.
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Example

Let I := 〈 g1, g2 〉EK[∂1, ∂2], g1 := ∂2
1 − ∂2, g2 := ∂1∂2 − ∂2.

Let > be degrevlex, ∂1 > ∂2.
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Example

Let I := 〈 g1, g2 〉EK[∂1, ∂2], g1 := ∂2
1 − ∂2, g2 := ∂1∂2 − ∂2.

Let > be degrevlex, ∂1 > ∂2.

Decomposition into disjoint cones of 〈 lm(g1), lm(g2) 〉:

{ (∂2
1 , {∂1, ∂2}), (∂1∂2, {∂2}) }
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Example

Let I := 〈 g1, g2 〉EK[∂1, ∂2], g1 := ∂2
1 − ∂2, g2 := ∂1∂2 − ∂2.

Let > be degrevlex, ∂1 > ∂2.

Decomposition into disjoint cones of 〈 lm(g1), lm(g2) 〉:

{ (∂2
1 , {∂1, ∂2}), (∂1∂2, {∂2}) }

f := ∂1 · g2 = ∂2
1∂2 − ∂1∂2 ∈ I, f =

2
∑

i=1

ci gi?
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Example

Let I := 〈 g1, g2 〉EK[∂1, ∂2], g1 := ∂2
1 − ∂2, g2 := ∂1∂2 − ∂2.

Let > be degrevlex, ∂1 > ∂2.

Decomposition into disjoint cones of 〈 lm(g1), lm(g2) 〉:

{ (∂2
1 , {∂1, ∂2}), (∂1∂2, {∂2}) }

f := ∂1 · g2 = ∂2
1∂2 − ∂1∂2 ∈ I, f =

2
∑

i=1

ci gi?

Reduction of f modulo g1, g2 yields: g3 := ∂2
2 − ∂2 ∈ I
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Example

Let I := 〈 g1, g2 〉EK[∂1, ∂2], g1 := ∂2
1 − ∂2, g2 := ∂1∂2 − ∂2.

Let > be degrevlex, ∂1 > ∂2.

Decomposition into disjoint cones of 〈 lm(g1), lm(g2) 〉:

{ (∂2
1 , {∂1, ∂2}), (∂1∂2, {∂2}) }

f := ∂1 · g2 = ∂2
1∂2 − ∂1∂2 ∈ I, f =

2
∑

i=1

ci gi?

Reduction of f modulo g1, g2 yields: g3 := ∂2
2 − ∂2 ∈ I

{ (g1, {∂1, ∂2}), (g2, {∂2}), (g3, {∂2}) } (minimal) Janet basis for I
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Janet’s algorithm for linear PDEs







uy,y = 0

ux,x − yuz,z = 0

is equivalent to















































































uy,y = 0

ux,x − yuz,z = 0

uy,z,z = 0

ux,y,y = 0

uz,z,z,z = 0

ux,y,z,z = 0

ux,z,z,z,z = 0
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Janet’s algorithm for linear PDEs







uy,y = 0

ux,x − yuz,z = 0

A

B

is equivalent to















































































uy,y = 0

ux,x − yuz,z = 0

uy,z,z = 0

ux,y,y = 0

uz,z,z,z = 0

ux,y,z,z = 0

ux,z,z,z,z = 0

A

B

1

2
(∂2

x
− y∂2

z
)A −

1

2
∂2

y
B

∂xA

1

2
(∂4

x
− 2y∂2

x
∂2

z
+ y2∂4

z
)A −

1

2
(∂2

x
∂2

y
− y∂2

y
∂2

z
+ 2∂y∂

2

z
)B

1

2
(∂3

x
− y∂x∂2

z
)A −

1

2
∂x∂2

y
B

1

2
(∂5

x
− 2y∂3

x
∂2

z
+ y2∂x∂4

z
)A −

1

2
(∂3

x
∂2

y
+ y∂x∂2

y
∂2

z
− 2∂x∂y∂

2

z
)B
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Janet’s algorithm for linear PDEs







uy,y = 0

ux,x − yuz,z = 0

A

B

is equivalent to















































































uy,y = 0

ux,x − yuz,z = 0

uy,z,z = 0

ux,y,y = 0

uz,z,z,z = 0

ux,y,z,z = 0

ux,z,z,z,z = 0

A

B

1

2
(∂2

x
− y∂2

z
)A −

1

2
∂2

y
B

∂xA

1

2
(∂4

x
− 2y∂2

x
∂2

z
+ y2∂4

z
)A −

1

2
(∂2

x
∂2

y
− y∂2

y
∂2

z
+ 2∂y∂

2

z
)B

1

2
(∂3

x
− y∂x∂2

z
)A −

1

2
∂x∂2

y
B

1

2
(∂5

x
− 2y∂3

x
∂2

z
+ y2∂x∂4

z
)A −

1

2
(∂3

x
∂2

y
+ y∂x∂2

y
∂2

z
− 2∂x∂y∂

2

z
)B

Taylor coeff’s for 1, z, y, x, z2, yz, xz, xy, z3, xz2, xyz, xz3 arbitrary,

all other coeff’s determined by linear equations
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Power series solutions

∂2u

∂x ∂y
= 0, { ∗ , ∂y , ∂z },

∂3u

∂x2 ∂y
= 0, { ∗ , ∂y , ∂z },

∂4u

∂x3 ∂z
= 0, { ∂x , ∗ , ∂z },

∂4u

∂x3 ∂y
= 0, { ∂x , ∂y , ∂z }.

Janet decomposition of the set of parametric derivatives / generalized Hilbert series:

1, { ∗ , ∂y , ∂z },

∂x, { ∗ , ∗ , ∂z },

∂2
x, { ∗ , ∗ , ∂z },

∂3
x, { ∂x , ∗ , ∗ }.

1
(1−∂y)(1−∂z)

+ ∂x

1−∂z

+
∂2

x

1−∂z

+
∂3

x

1−∂x

.

Accordingly, a formal power series solution u is uniquely determined as

u(x, y, z) = f0(y, z) + x f1(z) + x2 f2(z) + x3 f3(x)

by any choice of formal power series f0, f1, f2, f3 of the indicated variables.
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3. Thomas decomposition of differential systems

Topical Day on Differential Elimination 11/12/23



Some references

J. M. Thomas,
Differential Systems,
AMS Colloquium Publications, vol. XXI, 1937.

Dongming Wang,
Decomposing polynomial systems into simple systems,
J. Symbolic Computation 25(3):295–314, 1998.

V. P. Gerdt,
On decomposition of algebraic PDE systems into simple subsystems,
Acta Applicandae Mathematicae 101(1-3):39–51, 2008.
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Systems of PDEs

A differential system S is given by

p1 = 0, p2 = 0, . . . , ps = 0, q1 6= 0, q2 6= 0, . . . , qt 6= 0,

where p1, ..., ps and q1, ..., qt are polynomials in u1, ..., um of z1, ..., zn
and their partial derivatives.

Ω open and connected subset of Cn with coordinates z1, . . . , zn

The solution set of S on Ω is

SolΩ(S) := { f = (f1, . . . , fm) | fk : Ω → C analytic, k = 1, . . . ,m,

pi(f) = 0, qj(f) 6= 0, i = 1, . . . , s, j = 1, . . . , t } .

Appropriate choice of Ω is possible only after formal treatment.
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Systems of PDEs

A differential system S is given by

p1 = 0, p2 = 0, . . . , ps = 0, q1 6= 0, q2 6= 0, . . . , qt 6= 0,

Consequences of the system obtained in a finite number of steps from:

p1 = 0, p2 = 0, . . . , ps = 0 are consequences,

if p = 0 is consequence, then any partial derivative of p = 0 is,

if p · q = 0 is consequence and q a factor of some qi, then p = 0 is
consequence,

if p = 0, r = 0 are consequences, then a p+ b r = 0 is
(a, b differential polynomials)
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Differential algebraic geometry

Differential algebra (Ritt, Kolchin, Seidenberg, . . . )

Q ⊆ K a differential field with commuting derivations ∂1, ..., ∂n
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Differential algebraic geometry

Differential algebra (Ritt, Kolchin, Seidenberg, . . . )

Q ⊆ K a differential field with commuting derivations ∂1, ..., ∂n

Differential polynomial ring with derivations ∆ = {∂1, ..., ∂n}

K{u} := K[∂i1
1 · · · ∂in

n u | i ∈ (Z≥0)
n] = K[u, uz1 , ..., uzn , uz1,z1 , ...]
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Differential algebraic geometry

Differential algebra (Ritt, Kolchin, Seidenberg, . . . )

Q ⊆ K a differential field with commuting derivations ∂1, ..., ∂n

Differential polynomial ring with derivations ∆ = {∂1, ..., ∂n}

K{u} := K[∂i1
1 · · · ∂in

n u | i ∈ (Z≥0)
n] = K[u, uz1 , ..., uzn , uz1,z1 , ...]

K{u} not Noetherian (e.g., [u′u′′, u′′u′′′, . . .] ⊆ K{u} not fin. gen.)
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Differential algebraic geometry

Differential algebra (Ritt, Kolchin, Seidenberg, . . . )

Q ⊆ K a differential field with commuting derivations ∂1, ..., ∂n

Differential polynomial ring with derivations ∆ = {∂1, ..., ∂n}

K{u} := K[∂i1
1 · · · ∂in

n u | i ∈ (Z≥0)
n] = K[u, uz1 , ..., uzn , uz1,z1 , ...]

K{u} not Noetherian (e.g., [u′u′′, u′′u′′′, . . .] ⊆ K{u} not fin. gen.)

Thm. (Ritt-Raudenbush).
Every radical differential ideal of K{u1, . . . , um} is finitely generated
and is intersection of finitely many prime differential ideals.
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Differential algebraic geometry

Differential algebra (Ritt, Kolchin, Seidenberg, . . . )

Q ⊆ K a differential field with commuting derivations ∂1, ..., ∂n

Differential polynomial ring with derivations ∆ = {∂1, ..., ∂n}

K{u} := K[∂i1
1 · · · ∂in

n u | i ∈ (Z≥0)
n] = K[u, uz1 , ..., uzn , uz1,z1 , ...]

K{u} not Noetherian (e.g., [u′u′′, u′′u′′′, . . .] ⊆ K{u} not fin. gen.)

Thm. (Ritt-Raudenbush).
Every radical differential ideal of K{u1, . . . , um} is finitely generated
and is intersection of finitely many prime differential ideals.

Thm. (Differential Nullstellensatz).

Every radical diff. ideal I ( K{u1, ..., um} has a zero in a diff. field ext.

of K. If f ∈K{u1, ..., um} vanishes for all zeros of I, then f ∈I.
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Thomas Decomposition

K{u} = K[u, ux, uy, . . . , ux,x, ux,y, uy,y, . . .] diff. polynomial ring

u < . . . < uy < ux < . . . < uy,y < ux,y < ux,x < . . . (ranking)
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Thomas Decomposition

K{u} = K[u, ux, uy, . . . , ux,x, ux,y, uy,y, . . .] diff. polynomial ring

u < . . . < uy < ux < . . . < uy,y < ux,y < ux,x < . . . (ranking)

algebraic reduction: p = u3
x,x,y + . . .

q = c u2
x,x,y + . . .

p → r = c · p− ux,x,y · q
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Thomas Decomposition

K{u} = K[u, ux, uy, . . . , ux,x, ux,y, uy,y, . . .] diff. polynomial ring

u < . . . < uy < ux < . . . < uy,y < ux,y < ux,x < . . . (ranking)

algebraic reduction: p = u3
x,x,y + . . .

q = c u2
x,x,y + . . .

p → r = c · p− ux,x,y · q

differential reduction: p = u3
x,x,y,y + . . .

q = c u2
x,x,y + . . .

∂y q = ∂q
∂ux,x,y

ux,x,y,y + . . .

p → r = ∂q
∂ux,x,y

· p− u2
x,x,y,y · ∂y q
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Thomas Decomposition

K{u} = K[u, ux, uy, . . . , ux,x, ux,y, uy,y, . . .] diff. polynomial ring

u < . . . < uy < ux < . . . < uy,y < ux,y < ux,x < . . . (ranking)

algebraic reduction: p = u3
x,x,y + . . .

q = c u2
x,x,y + . . .

p → r = c · p− ux,x,y · q

differential reduction: p = u3
x,x,y,y + . . .

q = c u2
x,x,y + . . .

∂y q = ∂q
∂ux,x,y

ux,x,y,y + . . .

p → r = ∂q
∂ux,x,y

· p− u2
x,x,y,y · ∂y q

reduction requires: initial c 6= 0 and separant ∂q
∂ux,x,y

6= 0

Topical Day on Differential Elimination 11/12/23



Thomas Decomposition

p = x3 + (3y + 1)x2 + (3y2 + 2y)x+ y3 = 0

x

y
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Thomas Decomposition

p = x3 + (3y + 1)x2 + (3y2 + 2y)x+ y3 = 0

x

y
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Thomas Decomposition

p = x3 + (3y + 1)x2 + (3y2 + 2y)x+ y3 = 0

x

y

discx(p) = y2(4− 27y2)
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Thomas Decomposition

p = x3 + (3y + 1)x2 + (3y2 + 2y)x+ y3 = 0

x

y

2 non-real points

discx(p) = y2(4− 27y2)
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Thomas Decomposition

p = ax2 + bx+ c = 0, p ∈ Q[x, c, b, a], x > c > b > a

ax2 + bx+ c = 0
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Thomas Decomposition

p = ax2 + bx+ c = 0, p ∈ Q[x, c, b, a], x > c > b > a

ax2 + bx+ c = 0

a 6= 0

bx+ c = 0

a = 0
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Thomas Decomposition

p = ax2 + bx+ c = 0, p ∈ Q[x, c, b, a], x > c > b > a

ax2 + bx+ c = 0

4ac− b2 6= 0

a 6= 0

2ax+ b = 0

4ac− b2 = 0

a 6= 0

bx+ c = 0

a = 0
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Thomas Decomposition

p = ax2 + bx+ c = 0, p ∈ Q[x, c, b, a], x > c > b > a

ax2 + bx+ c = 0

4ac− b2 6= 0

a 6= 0

2ax+ b = 0

4ac− b2 = 0

a 6= 0

bx+ c = 0

b 6= 0

a = 0

c = 0

b = 0

a = 0

Topical Day on Differential Elimination 11/12/23



Thomas Decomposition

p = ax2 + bx+ c = 0, p ∈ Q[x, c, b, a], x > c > b > a

ax2 + bx+ c = 0

4ac− b2 6= 0

a 6= 0

2ax+ b = 0

4ac− b2 = 0

a 6= 0

bx+ c = 0

b 6= 0

a = 0

c = 0

b = 0

a = 0

x1 6= x2 x1 = x2 x1 all x ∈ Q

solve p(x) = 0 for fixed choice of a, b, c
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Thomas Decomposition

{

x2 + y2 − 1 = 0

(1− y) t− x = 0

(x, y)

t
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Thomas Decomposition

{

x2 + y2 − 1 = 0

(1− y) t− x = 0

(x, y)

t

p1 := x2 + y2 − 1, p2 := x+ t y− t ∈ Q[x, y, t], x > y > t
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Thomas Decomposition

{

x2 + y2 − 1 = 0

(1− y) t− x = 0

(x, y)

t

p1 := x2 + y2 − 1, p2 := x+ t y− t ∈ Q[x, y, t], x > y > t

p1 − (x− ty + t) p2 = (y − 1) ((t2 + 1)y − t2 + 1)
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Thomas Decomposition

{

x2 + y2 − 1 = 0

(1− y) t− x = 0

(x, y)

t

p1 := x2 + y2 − 1, p2 := x+ t y− t ∈ Q[x, y, t], x > y > t

p1 − (x− ty + t) p2 = (y − 1) ((t2 + 1)y − t2 + 1)

Thomas decomposition:

(t2 + 1)x− 2t = 0

(t2 + 1) y − t2 + 1 = 0

t2 + 1 6= 0

x = 0

y − 1 = 0
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Thomas Decomposition

S = { p1 = 0, . . . , ps = 0, q1 6= 0, . . . , qt 6= 0 }

Def. Thomas decomposition of differential system S (or Sol(S)):

Sol(S) = Sol(S1) ⊎ . . . ⊎ Sol(Sr), Si simple differential system
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Thomas Decomposition

S = { p1 = 0, . . . , ps = 0, q1 6= 0, . . . , qt 6= 0 }

Def. Thomas decomposition of differential system S (or Sol(S)):

Sol(S) = Sol(S1) ⊎ . . . ⊎ Sol(Sr), Si simple differential system

Def. S is simple if

(a) p1, . . . , ps, q1, . . . , qt have pairwise distinct leaders,

(b) leading coefficients and discriminants of pi and qj do not vanish,

(c) p1, . . . , ps form a passive PDE system,

(d) q1, . . . , qt are reduced modulo p1, . . . , ps.

set of admissible derivations µi ⊆ {∂1, . . . , ∂n} for pi, i = 1, . . . , s

Topical Day on Differential Elimination 11/12/23



Thomas Decomposition

R = K{u1, . . . , um}

Def. Thomas decomposition of differential system S (or Sol(S)):

Sol(S) = Sol(S1) ⊎ . . . ⊎ Sol(Sr), Si simple differential system
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Thomas Decomposition

R = K{u1, . . . , um}

Def. Thomas decomposition of differential system S (or Sol(S)):

Sol(S) = Sol(S1) ⊎ . . . ⊎ Sol(Sr), Si simple differential system

Thm. S = {p1 = 0, ..., ps = 0, q1 6= 0, ..., qt 6= 0} simple diff. system

E differential ideal generated by p1, . . . , ps

q product of initials and separants of all pi
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Thomas Decomposition

R = K{u1, . . . , um}

Def. Thomas decomposition of differential system S (or Sol(S)):

Sol(S) = Sol(S1) ⊎ . . . ⊎ Sol(Sr), Si simple differential system

Thm. S = {p1 = 0, ..., ps = 0, q1 6= 0, ..., qt 6= 0} simple diff. system

E differential ideal generated by p1, . . . , ps

q product of initials and separants of all pi

Then

E : q∞ := { p ∈ R | qr · p ∈ E for some r ∈ Z≥0 } = IR(Sol(S))

consists of all differential polynomials in R vanishing on Sol(S).
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Thomas Decomposition

p = u̇2 − 4tu̇− 4u+ 8t2 = 0 p ∈ Q(t){u}

Separant of p: ∂p
∂u̇

= 2u̇− 4t
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Thomas Decomposition

p = u̇2 − 4tu̇− 4u+ 8t2 = 0 p ∈ Q(t){u}

Separant of p: ∂p
∂u̇

= 2u̇− 4t

res(p, ∂p
∂u̇

, u̇) = −16u+ 16t2

Thomas decomposition:

p = 0

u− t2 6= 0 u− t2 = 0
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Thomas Decomposition

p = u̇2 − 4tu̇− 4u+ 8t2 = 0 p ∈ Q(t){u}

Separant of p: ∂p
∂u̇

= 2u̇− 4t

res(p, ∂p
∂u̇

, u̇) = −16u+ 16t2

Thomas decomposition:

p = 0

u− t2 6= 0 u− t2 = 0
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Thomas Decomposition

p = u̇2 − 4tu̇− 4u+ 8t2 = 0 p ∈ Q(t){u}

Separant of p: ∂p
∂u̇

= 2u̇− 4t

res(p, ∂p
∂u̇

, u̇) = −16u+ 16t2

Thomas decomposition:

p = 0

u− t2 6= 0 u− t2 = 0

general solution: u(t) = 2((t+ c)2 + c2), c ∈ R

essential singular solution: u(t) = t2
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Example















∂2u

∂x2
−

∂2u

∂y2
= 0,

∂u

∂x
− u2 = 0
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Example















∂2u

∂x2
−

∂2u

∂y2
= 0,

∂u

∂x
− u2 = 0

Define
p1 := ux,x − uy,y, p2 := ux − u2

R = Q{u} with commuting derivations ∂x, ∂y.

degree-reverse lexicographical ranking > on R with ∂x u > ∂y u
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Example















∂2u

∂x2
−

∂2u

∂y2
= 0,

∂u

∂x
− u2 = 0

Define
p1 := ux,x − uy,y, p2 := ux − u2

R = Q{u} with commuting derivations ∂x, ∂y.

degree-reverse lexicographical ranking > on R with ∂x u > ∂y u

p3 := p1 − ∂x p2 − 2u p2 = −uy,y + 2u3 .
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Example















∂2u

∂x2
−

∂2u

∂y2
= 0,

∂u

∂x
− u2 = 0

Define
p1 := ux,x − uy,y, p2 := ux − u2

R = Q{u} with commuting derivations ∂x, ∂y.

degree-reverse lexicographical ranking > on R with ∂x u > ∂y u

p3 := p1 − ∂x p2 − 2u p2 = −uy,y + 2u3 .

Janet division associates the sets of admissible derivations:






ux − u2 = 0, {∂x, ∂y}

uy,y − 2u3 = 0, { ∗ , ∂y}
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Example

passivity check:

∂x p3 + ∂2
y p2 − 6u2 p2 − 2u p3 = −2 (uy

2 − u4)

= −2 (uy + u2) (uy − u2) .

factorization  splitting possible
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Example

passivity check:

∂x p3 + ∂2
y p2 − 6u2 p2 − 2u p3 = −2 (uy

2 − u4)

= −2 (uy + u2) (uy − u2) .

factorization  splitting possible

If the above factorization is ignored, then the discriminant of
p4 := u2

y − u4 needs to be considered, which implies vanishing or
non-vanishing of the separant 2uy. This case distinction leads to the

Thomas decomposition

ux − u2 = 0, {∂x, ∂y}

uy
2 − u4 = 0, { ∗ , ∂y}

u 6= 0 u = 0
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Example

passivity check:

∂x p3 + ∂2
y p2 − 6u2 p2 − 2u p3 = −2 (uy

2 − u4)

= −2 (uy + u2) (uy − u2) .

factorization  splitting possible
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Example

passivity check:

∂x p3 + ∂2
y p2 − 6u2 p2 − 2u p3 = −2 (uy

2 − u4)

= −2 (uy + u2) (uy − u2) .

factorization  splitting possible

For both systems a differential reduction of p3 modulo the chosen factor
is applied because the monomial ∂y defining the new leader divides the
monomial ∂y,y defining ld(p3). We obtain the

Thomas decomposition

ux − u2 = 0, {∂x, ∂y}

uy + u2 = 0, { ∗ , ∂y}

ux − u2 = 0, {∂x, ∂y}

uy − u2 = 0, { ∗ , ∂y}

u 6= 0.
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Implementation

Maple package DifferentialThomas (M. Lange-Hegermann)

https://www.art.rwth-aachen.de/go/id/rnab

GNU LPGL license

V. P. Gerdt, M. Lange-Hegermann, D. R.

The MAPLE package TDDS for computing Thomas decompositions of

systems of nonlinear PDEs

Computer Physics Communications 234:202–215, 2019

arXiv:1801.09942

DifferentialThomas in Maple 2018 (interface by E. S. Cheb-Terrab)
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Maple 2018
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Maple 2018
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Differential Elimination

R = K{u1, . . . , um}, B1 ⊎ . . . ⊎Bk = U := {u1, . . . , um} partition

Block ranking: ui1 ∈ Bj1 , ui2 ∈ Bj2 , J1, J2 ∈ (Z≥0)
n

∂J1ui1 > ∂J2ui2 ⇐⇒

{

j1 < j2 or (j1 = j2 and (∂J1 > ∂J2

or (J1 = J2 and i1 < i2))
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Differential Elimination

R = K{u1, . . . , um}, B1 ⊎ . . . ⊎Bk = U := {u1, . . . , um} partition

Block ranking: ui1 ∈ Bj1 , ui2 ∈ Bj2 , J1, J2 ∈ (Z≥0)
n

∂J1ui1 > ∂J2ui2 ⇐⇒

{

j1 < j2 or (j1 = j2 and (∂J1 > ∂J2

or (J1 = J2 and i1 < i2))

Thm. S simple diff. system, 1 ≤ i ≤ k

Ei diff. ideal of K{Bi, . . . , Bk} gen. by {p1, . . . , ps}∩K{Bi, . . . , Bk}

qi product of initials and separants of all pj in intersection
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Differential Elimination

R = K{u1, . . . , um}, B1 ⊎ . . . ⊎Bk = U := {u1, . . . , um} partition

Block ranking: ui1 ∈ Bj1 , ui2 ∈ Bj2 , J1, J2 ∈ (Z≥0)
n

∂J1ui1 > ∂J2ui2 ⇐⇒

{

j1 < j2 or (j1 = j2 and (∂J1 > ∂J2

or (J1 = J2 and i1 < i2))

Thm. S simple diff. system, 1 ≤ i ≤ k

Ei diff. ideal of K{Bi, . . . , Bk} gen. by {p1, . . . , ps}∩K{Bi, . . . , Bk}

qi product of initials and separants of all pj in intersection

Then, (E : q∞) ∩K{Bi, . . . , Bk} = Ei : q
∞
i .
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Differential Elimination

Lemma
Let S be simple, w.r.t. any ranking >, E diff. ideal generated by

S= = { p1, . . . , ps }, q prod. init. sep. of all pi, V ⊂ {u1, . . . , um }

If P := { p ∈ S= | p ∈ K{V } } = { p ∈ S= | ld(p) ∈ Mon(∆)V },

then (E : q∞) ∩K{V } = E′ : (q′)∞,

E′ diff. ideal of K{V } gen. by P , q′ prod. of init. and sep. of p ∈ P .
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Differential Elimination

Lemma
Let S be simple, w.r.t. any ranking >, E diff. ideal generated by

S= = { p1, . . . , ps }, q prod. init. sep. of all pi, V ⊂ {u1, . . . , um }

If P := { p ∈ S= | p ∈ K{V } } = { p ∈ S= | ld(p) ∈ Mon(∆)V },

then (E : q∞) ∩K{V } = E′ : (q′)∞,

E′ diff. ideal of K{V } gen. by P , q′ prod. of init. and sep. of p ∈ P .

Proof. Let 0 6= p ∈ (E : q∞) ∩K{V }. Since S is simple,

b p = R-linear comb. of p1, . . . , ps and their derivatives

By assumption, Janet divisor of b p is in K{V }.

Pseudo-reduction p → 0 in K{V }. �
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4. Nonlinear Control Theory
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Control Theory
R = K{u1, . . . , um}, U := {u1, . . . , um}, S simple diff. system
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Control Theory
R = K{u1, . . . , um}, U := {u1, . . . , um}, S simple diff. system

Def.

x ∈ U is observable w.r.t. Y ⊆ U − {x}

⇐⇒























∃ p ∈ (E : q∞)− {0} s.t.

p ∈ K{Y }[x] (without derivatives of x)

initial of p 6∈ (E : q∞),
∂p

∂x
6∈ (E : q∞)
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Control Theory
R = K{u1, . . . , um}, U := {u1, . . . , um}, S simple diff. system

Def.

x ∈ U is observable w.r.t. Y ⊆ U − {x}

⇐⇒























∃ p ∈ (E : q∞)− {0} s.t.

p ∈ K{Y }[x] (without derivatives of x)

initial of p 6∈ (E : q∞),
∂p

∂x
6∈ (E : q∞)

Def.

Y ⊆ U is a flat output

⇐⇒







(E : q∞) ∩K{Y } = {0}

every x ∈ U − Y is observable w.r.t. Y
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Example

Stirred tank:







V̇ (t) = F1(t) + F2(t)− k
√

V (t)

˙
c(t)V (t) = c1 F1(t) + c2 F2(t)− c(t) k

√

V (t)

H. Kwakernaak, R. Sivan, Linear Optimal Control Systems, John Wiley & Sons, 1972.
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Example

R = Q{F1, F2, sV, c, c1, c2}, ranking > s.t. {F2, F2} ≫ {sV, c} ≫ {c1, c2}

> with(DifferentialThomas):

> ivar := [t]: dvar := [F1,F2,sV,c,c1,c2]:

> ComputeRanking(ivar, [[F1,F2],[sV,c],[c1,c2]]):

> L := [2*sV[t]*sV-F1-F2+k*sV,
c[t]*sV^2-c2*F2+c*k*sV-c1*F1+2*c*sV[t]*sV, c1[t], c2[t]]:

> LL := Diff2JetList(Ind2Diff(L, ivar, dvar));

LL := [2 sV 1sV 0 − F1 0 − F2 0 + ksV 0,

c1sV 0
2 − c2 0F2 0 + c0ksV 0 − c1 0F1 0 + 2 c0sV 1sV 0, c1 1, c2 1]

> TD := DifferentialThomasDecomposition(LL,
[sV[0],c1[0],c2[0]]);

TD := [DifferentialSystem,DifferentialSystem,DifferentialSystem]
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Example

> Print(TD[1]);

[c2 F1 − c1 F1 + 2 csV sV t − 2 c2 sV sV t + ctsV
2 + cksV − c2 ksV = 0,

c1 F2 − c2 F2 + 2 csV sV t − 2 c1 sV sV t + ctsV
2 + cksV − c1 ksV = 0,

c1 t = 0, c2 t = 0, c2 6= 0, c1 6= 0, c1 − c2 6= 0, sV 6= 0]

> collect(%[1], F1);

(c2 − c1 )F1 + 2 csV sV t − 2 c2 sV sV t + ctsV
2 + cksV − c2 ksV = 0

> collect(%%[2], F2);

(c1 − c2 )F2 + 2 csV sV t − 2 c1 sV sV t + ctsV
2 + cksV − c1 ksV = 0

⇒ F1, F2 observable with respect to {c, sV }

(E : q∞) ∩Q{sV, c} = {0} ⇒ {c, sV } is flat output
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Example

> Print(TD[2]);

[cF1 − c2 F1 + cF2 − c2 F2 + ctsV
2 = 0,

2 csV t − 2 c2 sV t + ctsV + ck − c2 k = 0, c1 − c2 = 0, c2 t = 0,

c2 6= 0, c− c2 6= 0, sV 6= 0]

> Print(TD[3]);

[F1 + F2 − 2 sV sV t − ksV = 0, c− c2 = 0, c1 − c2 = 0, c2 t = 0,

c2 6= 0, sV 6= 0]

conditions c1 = c2 and (c1)t = (c2)t = 0 preclude control of the

concentration in the tank
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Example

2-D crane:























mẍ = −T sin θ

m z̈ = −T cos θ +mg

x = R sin θ + d

z = R cos θ

M. Fliess, J. Lévine, P. Martin, P. Rouchon, Flatness and defect of non-linear systems:

introductory theory and examples, Internat. J. Control 61(6), 1327–1361, 1995.
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Example

Q(m, g){T, s, c, d,R, x, z}

block ranking > satisfying {T, s, c, d,R} ≫ {x, z}

> with(DifferentialThomas):

> ivar := [t]: dvar := [T,s,c,d,R,x,z]:

> ComputeRanking(ivar, [[T,s,c,d,R],[x,z]]):

> TD := DifferentialThomasDecomposition(
[m*x[2]+T[0]*s[0], m*z[2]+T[0]*c[0]-m*g,
x[0]-R[0]*s[0]-d[0], z[0]-R[0]*c[0], c[0]^2+s[0]^2-1],
[]);

TD := [DifferentialSystem,DifferentialSystem,DifferentialSystem,

DifferentialSystem,DifferentialSystem,DifferentialSystem,

DifferentialSystem]
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Example

> Print(TD[2]);

[zT +mzt,tR−mgR = 0, zt,tRs− gRs− zxt,t = 0, Rc− z = 0,

zt,td− gd+ zxt,t − xzt,t + gx = 0,

zt,t
2R2 − 2 gzt,tR

2 + g2R2 − z2xt,t
2 − z2zt,t

2 + 2 gz2zt,t − g2z2 = 0,

z 6= 0, zt,t − g 6= 0, xt,t 6= 0, xt,t
2 + zt,t

2 − 2 gzt,t + g2 6= 0]

> collect(%[5], R, factor);

(zt,t − g)
2
R2 − z2

(

xt,t
2 + zt,t

2 − 2 gzt,t + g2
)

= 0

⇒ T, s, c, d,R observable with respect to {x, z}

(E : q∞) ∩Q{x, z} = {0} ⇒ {x, z} is flat output
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Example
> Print(TD[1]);

[T = 0, Rs+ d− x = 0, Rc− z = 0, d2 − 2xd+ x2 −R2 + z2 = 0,

xt,t = 0, zt,t − g = 0, z 6= 0, R 6= 0, R+ z 6= 0, R− z 6= 0]

> Print(TD[3]);

[T −mzt,t +mg = 0, s = 0, c+ 1 = 0, d− x = 0, R+ z = 0,

xt,t = 0, z 6= 0]

> Print(TD[4]);

[T +mzt,t −mg = 0, s = 0, c− 1 = 0, d− x = 0, R− z = 0,

xt,t = 0, z 6= 0]

> Print(TD[5]);

[cT −mg = 0, gs+ xt,tc = 0, g2c2 + xt,t
2c2 − g2 = 0, d− x = 0, R = 0,

z = 0, xt,t 6= 0, xt,t
2 + g2 6= 0]

> Print(TD[6]);

[T +mg = 0, s = 0, c+ 1 = 0, d− x = 0, R = 0, xt,t = 0, z = 0]

> Print(TD[7]);

[T −mg = 0, s = 0, c− 1 = 0, d− x = 0, R = 0, xt,t = 0, z = 0]
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Counting Polynomials for Linear Codes, Hyperplane Arrangements, and

Matroids,

Doc. Math. 19:285–312, 2014.

Topical Day on Differential Elimination 11/12/23



References

D. Grigoriev,
Complexity of quantifier elimination in the theory of ordinary differential

equations,
in: Lecture Notes Computer Science, 1989, vol. 378, pp. 11–25.

D. Grigoriev,
Complexity of solution of linear systems in rings of differential operators,
J. Mathematical Sciences, 70(4):1873–1880, 1994.

D. Grigoriev,
Newton-Puiseux series for non-holonomic D-modules and factoring linear

partial differential operators,
Moscow Math. J. 9:775–800, 2009.

G. J. Reid, A. D. Wittkopf, A. Boulton,
Reduction of systems of nonlinear partial differential equations to

simplified involutive forms,

European J. Appl. Math. 7(6):635–666, 1996.

Topical Day on Differential Elimination 11/12/23



References

E. S. Cheb-Terrab, K. von Bülow,
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