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1. Introduction
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Theorem (Cauchy-Kovalevskaya, 1875)

The Cauchy problem

n m

ouq ouy

) = E E al,j,k(227"'7Z’n7u17-~~7um)T+b1(2’27...,zn,u1,...
1 =2 k=1 %

Oum LR Ouy

5 - E E Gm,j,k(ZQ,...,Zn,ul,...,um)T+bm(2’2,...,zn,u1,...
#1 =2 k=1 2;

u1(0,22,...,2n) = 0 for all z2,...,2n,

um (0,22,...,2n) = 0 for all zo,...,2n,

7u’m)7

where a; ; 1 and b; are real analytic functions around the origin of R™t7=1 has a

unique real analytic solution (w1, ..., um) in a neighborhood of (z1,...,zn) = (0, ...
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Algebraic Geometry

R — R?
2t t2-1
t— (mm)
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Algebraic Geometry

{R—Hl@

2t t2-1
t— <t2+1’ t2+1)

Eliminate ¢ in T
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Special Solutions

4 v-Vo—vAv+ %Vp =0 (Navier-Stokes)
9
FE+V-(pv) = 0
cylindrical coordinates r, 0, z, p=1 (incompressible flow)
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Special Solutions

4 v-Vo—vAv+ %Vp =0 (Navier-Stokes)
9
FE+V-(pv) = 0
cylindrical coordinates r, 0, z, p=1 (incompressible flow)

Ansatz:  v;(r,0,z) = fi(r)g:(0)hi(2), i=1,23

u € {v1,v2,v3},

(z,9) € {(r,0),(r,2),(0,2)}

PDE: Ul y — UglUy = 0,
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Special Solutions

4 v-Vo—vAv+ %Vp =0 (Navier-Stokes)
9
FE+V-(pv) = 0
cylindrical coordinates r, 0, z, p=1 (incompressible flow)

Ansatz:  v;(r,0,z) = fi(r)g:(0)hi(2), i=1,23

u € {v1,v2,v3},

(z,9) € {(r,0),(r,2),(0,2)}

PDE: Ul y — UglUy = 0,

one of the many simple systems of the Thomas decomposition:

_ (ttec2) 1 (¢) r (0tcy)r
v(t,r,@,z) - (_ 27‘ L - 2(t+c2)’ t+cl2 70)7

p(t,1,0,2) = (t+co) In(r) By () — LE2LIO% | (1) 4 (64 1)) Ry (1)

2vIn(r) + ((94’61)2*%)7‘2
t+co 2(t+cg)? :

+ Fa(t) —
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© Thomas decomposition of differential systems

© Nonlinear control theory
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2. Janet bases
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Janet's algorithm for linear PDEs

0%u ou
Oxdy B 87/
u  Ou
ox? dy

Topical Day on Differential Elimination 11/12/23

find:

u=u(x,y) analytic



Janet's algorithm for linear PDEs

0%u _@ _ 0

Oxdy Oy find:  w=u(z,y) analytic
u _ Ou

oz oy

2 2
J— xT xT
u(z,y) = a0 +a1,0T +ao1y +azo 55 +a1,1 17 + o2 5 ...
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Janet's algorithm for linear PDEs

0%u _@ _ 0

Oxdy Oy find:  w=u(z,y) analytic
u _ Ou

oz oy

_ z2 Ty v
u(x,y) = ao,0 +a1,0% + a0y + a0 Gy + a1 1y + Go2 5+ .-

Topical Day on Differential Elimination 11/12/23



Janet's algorithm for linear PDEs

0%u _@ _ 0

Oxdy Oy find:  w=u(z,y) analytic
u _ Ou

oz oy

9 (2°uw _ du 9 (2°u _ ou Pu _ du _
oz (8w8y - ay) T oy (69:2 - By) oyZ ~ oy 0

_ z2 Ty v
u(x,y) = ao,0 +a1,0% + a0y + a0 Gy + a1 1y + Go2 5+ .-
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Janet's algorithm for linear PDEs

0%u _@ _ 0

Oxdy Oy find:  w=u(z,y) analytic
u _ Ou

oz oy

9 (2°uw _ du 9 (2°u _ ou Pu _ du _
oz (8w8y - ay) T oy (69:2 - By) oyZ ~ oy 0

_ z? Ty v
u(x,y) = ao,0 +a1,0% + a0y + azo G + a1 1y + o2 g+ .-
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Janet's algorithm for linear PDEs

0?%u ~Ou 0

zdy Oy find:  w=wu(z,y) analytic
P ou _

ox2 oy

e} 8%u du 8 (d%u ou 8% ou __
%(waﬁa@)‘a@(@‘%) — o oy =0

2 2
u(x,y) = ao,0 +a1,0% + a0 1y + a0 Gy + a1 1y + Go2 5+ .-

Janet'’s algorithm computes a vector space basis for power series solutions

(Maurice Janet, ~ 1920)
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Decomposition into disjoint cones

Strategy of Janet's algorithm:

decompose set of leading monomials into disjoint cones
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Decomposition into disjoint cones

Strategy of Janet's algorithm:

decompose set of leading monomials into disjoint cones

<8la§’ 8%82’ 8%>
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Decomposition into disjoint cones

Strategy of Janet's algorithm:

decompose set of leading monomials into disjoint cones

Lo (0,02, 030y, 0F)
decomposition:
RIS 0105 { *,02}

SN 0103 { x,02}

*e . : D0y { x,0:}

| . . of {01,0:}
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Decomposition into disjoint cones

Strategy of Janet's algorithm:

decompose set of leading monomials into disjoint cones

Lo (0,02, 030y, 0F)
decomposition:
RIS 0105 { *,02}

SN 0103 { x,02}

*e . : D0y { x,0:}

| . . of {01,0:}

This can also be done for Mon(9y,...,0,) — S.
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Example

Let I := <g1, 92> < K[al,ag], g1 = 812 — 0o, go = 0102 — Os.

Let > be degrevlex, 01 > 0s.
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Example

Let I := <g1, g2> < K[al,ag], g1 = 812 — 0o, go = 0102 — Os.

Let > be degrevlex, 01 > 0s.

Decomposition into disjoint cones of  (1m(g;), Im(g2) ):

{ (07, {01,02}), (9102, {02}) }
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Example

Let I := <g1, g2> < K[al,ag], g1 = 812 — 0o, go = 0102 — Os.

Let > be degrevlex, 01 > 0s.

Decomposition into disjoint cones of  (1m(g;), Im(g2) ):

{ (07, {01,02}), (9102, {02}) }

2
fi=01-92=0%) — 010, € 1, fzzcigz‘?
i=1
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Example

Let I := <g1, g2> < K[al,ag], g1 = 812 — 0o, go = 0102 — Os.

Let > be degrevlex, 01 > 0s.

Decomposition into disjoint cones of  (1m(g;), Im(g2) ):

{(6%, {61782})7 (81627 {82})}
2
fi=01-g2=070, — 010y € I, f:Zcigi?
=1

Reduction of f modulo g1, g yields: gz3:=05 -0 €1
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Example

Let I := <g1, g2> < K[al,ag], g1 = 812 — 0o, go = 0102 — Os.

Let > be degrevlex, 01 > 0s.

Decomposition into disjoint cones of  (1m(g;), Im(g2) ):

{(6%’ {61762})7 (8162, {82})}
2
f1=31~92=8582—81826], f:Zcigi?
=1

Reduction of f modulo g1, g yields: gz3:=05 -0 €1

{(g1,{01,02}), (92,{02}), (g3,{92}) } (minimal) Janet basis for I
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Janet's algorithm for linear PDEs

Uy,y = 0
Up,x — YUz,z = 0

is equivalent to

Uyy = 0

Ug,x — YUz,z = 0
Uy,z,z = 0
Ug,y,y = 0
Uz,z,z,z2 — 0
Ugx,y,z,z2 — 0

Uz, ,z,2,2,2 = 0
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Janet's algorithm for linear PDEs

Uyy = 0 A
Up,x — YUz,z = 0 B

is equivalent to

Uyy = 0 A
Ug,z — YUz,z = 0 B
Uy, 2,2 = 0 102 —yo2)A - LolB
Ug,y,y = 0 Oz A
Uz, 222 = 0 (05 — 2909202 + y?92)A — $(9207 — yd202 +20,02)B
Ug,y,z,z = 0 %(33 — yazag)A — %81853
Uz,2,2,2,2 = 0 183 — 299302 + y20,0) A — 1(8307 + y0,0207 — 20,0,02)B
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Janet's algorithm for linear PDEs

Uyy = 0 A
Up,x — YUz,z = 0 B

is equivalent to

Uyy = 0 A
Ug,x — YUz,z = 0 B
Uy, 2,2 = 0 102 —yo2)A - LolB
Ug,y,y = 0 Oz A
Uzzzz = 0 L(0% — 290202 + 4209 A — L (9202 — 40202 +20,02)B
Ug,y,z,2 = 0 (02 — y0,02)A — %81853
Ug,z,z,2,2 = 0 183 — 299302 + y20,0) A — 1(8307 + y0,0207 — 20,0,02)B

Taylor coeff's for 1, z, y, , 22, Yz, Tz, TY, 23, 122, TYz, xz3

arbitrary,
all other coeff's determined by linear equations
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Power series solutions

A0 {=.0,0.%
e =0 {(£.0,,0.)
aj:gzzo’ {0e, %, 0.},
ajg’gyzo, {02,0y,0: }.

Janet decomposition of the set of parametric derivatives / generalized Hilbert series:

1, { *,0y,0:},
Opy, { %, x,0:} 1 R 52 a3
82, { %, %,0. ), o0 0.) T 16, T1o6, T 16,
agv { T *7 * }

Accordingly, a formal power series solution w is uniquely determined as
w(z,y,2) = fo(y, 2) + z f1(2) + 22 fa(2) + 2° f3(z)

by any choice of formal power series fo, f1, f2, f3 of the indicated variables.
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3. Thomas decomposition of differential systems
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Systems of PDEs

A differential system S is given by

p1:07 p2:O> EERE pS:O7 CI17é07 CI27'£07 R qt?éo?

where p1, ..., ps and q1, ..., ¢; are polynomials in uy, ..., U, of 21, ..., 2,
and their partial derivatives.

Q) open and connected subset of C™ with coordinates z1, ..., z,

The solution set of S on Q is
Solg(S) == {f=(f1,. -y fm) | fx: @ = C analytic, k =1,...,m,
pi(f)zo’qj(f)#07/L‘:1)"'7S’j:17"'7t}'

Appropriate choice of €2 is possible only after formal treatment.
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Systems of PDEs

A differential system S is given by
plzoa p2:07 ) pszov Q17é07 q27é0a (RS qt#ov

Consequences of the system obtained in a finite number of steps from:
@ p; =0,p2=0, ..., ps =0 are consequences,
@ if p = 0 is consequence, then any partial derivative of p = 0 is,

@ if p- g = 0 is consequence and ¢ a factor of some ¢;, then p =0 is
consequence,

@ if p=20, r =0 are consequences, then ap +br =0 s
(a, b differential polynomials)
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Differential algebraic geometry

Differential algebra (Ritt, Kolchin, Seidenberg, ...)

Q C K a differential field with commuting derivations 91, ..., O,
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Differential algebraic geometry

Differential algebra (Ritt, Kolchin, Seidenberg, ...)
Q C K a differential field with commuting derivations 91, ..., O,

Differential polynomial ring with derivations A = {01, ..., On}

K{u} := K[ - 0lnu | i € (Z0)"] = K[ty sy ooy Uz, s Uy 2y -]
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Differential algebraic geometry

Differential algebra (Ritt, Kolchin, Seidenberg, ...)

Q C K a differential field with commuting derivations 91, ..., O,
Differential polynomial ring with derivations A = {01, ..., On}
K{u} := K[ - 0lnu | i € (Z0)"] = K[ty sy ooy Uz, s Uy 2y -]

",

K{u} not Noetherian (e.g., [u'v”, v"v",...] C K{u} not fin. gen.)
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Differential algebraic geometry

Differential algebra (Ritt, Kolchin, Seidenberg, ...)
Q C K a differential field with commuting derivations 91, ..., O,

Differential polynomial ring with derivations A = {01, ..., On}
K{u} = K[0f' - Oiru|i € (Zx0)"]) = K[t uzy s ooy Uz, Uzy 2y, -o.]
K{u} not Noetherian (e.g., [u'v”, v"v",...] C K{u} not fin. gen.)
Thm. (Ritt-Raudenbush).

Every radical differential ideal of K{u1,...,u;} is finitely generated
and is intersection of finitely many prime differential ideals.
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Differential algebraic geometry

Differential algebra (Ritt, Kolchin, Seidenberg, ...)
Q C K a differential field with commuting derivations 91, ..., O,

Differential polynomial ring with derivations A = {01, ..., On}

K{u} := K[ - 0lnu | i € (Z0)"] = K[ty sy ooy Uz, s Uy 2y -]

",

K{u} not Noetherian (e.g., [u'v”, v"v",...] C K{u} not fin. gen.)

Thm. (Ritt-Raudenbush).
Every radical differential ideal of K{u1,...,u;} is finitely generated
and is intersection of finitely many prime differential ideals.

Thm. (Differential Nullstellensatz).

Every radical diff. ideal I C K{u1,...,u;,} has a zero in a diff. field ext.
of K. If fe K{uq, ..., un,} vanishes for all zeros of I, then fel.
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Thomas Decomposition

K{u} = K[u,Ug, Uy, . - -, Ug g, Ug ys Uy gy, - - -] diff. polynomial ring

U< o< Uy < Uy < oo < Uyy < Ugy < Ugp < ... (ranking)
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Thomas Decomposition

K{u} = K[u,Ug, Uy, . - -, Ug g, Ug ys Uy gy, - - -] diff. polynomial ring
U< o<y <up << Uyy <Ugy <Ugg < ... (ranking)
algebraic reduction: p= ugmy + ...

— a2
q=CUzz,+...

p — T:c'p_um,z,y'q
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Thomas Decomposition

K{u} = K[u,Ug, Uy, . - -, Ug g, Ug ys Uy gy, - - -] diff. polynomial ring
U< < Uy <ty < < Uy < Upy < Upg < ... (ranking)
algebraic reduction: p= uizy + ...

— a2
q=CUzz,+...

p — T:c'p_um,z,y'q

- . . . _ 3
differential reduction: P= Upgpyyt ..

— 2
q=CUzz,+...

— _9q
4= gy, Uzayy + -

— _ 94 2
P T = P, P Yaayy “Oyq
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Thomas Decomposition

K{u} = K[u,Ug, Uy, . - -, Ug g, Ug ys Uy gy, - - -] diff. polynomial ring
U< < Uy <ty < < Uy < Upy < Upg < ... (ranking)
algebraic reduction: p= ngy + ...

— a2
q=CUzz,+...

p — T:c'p_um,z,y'q

- . . . _ 3
differential reduction: P= Upgpyyt ..

— 2
q=CUzz,+...

— _9q
4= gy, Uzayy + -

— _ 94 2
P T = P, P Yaayy “Oyq

reduction requires: initial ¢# 0 and separant auaq #£0
iy
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Thomas Decomposition

p=a3+ By + Dz + 3y +2y)z+3> =0

Y

N/
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Thomas Decomposition

p=a3+ By + Dz + 3y +2y)z+3> =0

Y

N

.
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Thomas Decomposition

p=a3+ By + Dz + 3y +2y)z+3> =0

\

Y

\

/'\

<
N

AN
disc, (p) = y2(4 — 27y?)
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Thomas Decomposition

p=a3+ By + Dz + 3y +2y)z+3> =0

2 non-real points \
AN

Y

\
C

<
N

AN
disc, (p) = y2(4 — 27y?)
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Thomas Decomposition

p=az?>+br+c=0, p € Q[z, ¢, b, al, r>c>b>a

ax?+bx+c = 0
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Thomas Decomposition

p=az?>+br+c=0, p € Q[z, ¢, b, al, r>c>b>a
a2 +bx+c = 0 br4+c =0
a # 0 a =0
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Thomas Decomposition

p=ax’+br+c=0, p € Q[z, ¢, b, al, r>c>b>a
ax’+bzr+c = 0 2ax+b = 0 br4+c =0
dac—b*> # 0 dac—b%> = 0
a # 0 a # 0 a =0
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Thomas Decomposition

p=ax’+br+c=0, p € Q[z, ¢, b, al, r>c>b>a
ax’+bzr+c = 0 2ax+b = 0 br4+c =0
dac—b*> # 0 dac—b%> = 0
b # 0
a #0 a # 0 a =0
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Thomas Decomposition

p=ax’+br+c=0, p € Q[z, ¢, b, al, r>c>b>a
ax?+bx+c = 0 2qx+b = 0 bx4+c = 0
dac—b*> # 0 dac—b> = 0 c =0
b # 0 b =0
a # 0 a # 0 a =10 a =20
1 # T T1 = X9 T alzeQ

solve p(x) =0 for fixed choice of a, b, ¢

Topical Day on Differential Elimination 11/12/23



Thomas Decomposition

(=, y)

Il
o

22 49?1
1-y)t—=

I
=

NPa

Topical Day on Differential Elimination 11/12/23



Thomas Decomposition

.’E2+y2—1 (z,y)
{ 1-y)t—=

Il
o

Il
e}
~

pri=a+y’ =1, pp=atty—t € Qrytl,  w>y>t
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Thomas Decomposition

.’E2+y2—1 (z,y)
{ 1-y)t—=

Il
o

Il
e}
~

pri=a+y’ =1, pp=atty—t € Qrytl,  w>y>t

p—(@—ty+t)ps = (y—1)((>+1y—t>+1)

Topical Day on Differential Elimination 11/12/23



Thomas Decomposition

2421 = 0 (2,9)
l-yt—az = 0 ¢
pri=a+y’ =1, pp=atty—t € Qrytl,  w>y>t

p—(@—ty+t)ps = (y—1)((>+1y—t>+1)

Thomas decomposition:

B+Dax—-2t =0 z =0

BP+1y—t*+1 =0

<
|
—
Il
o

t2+1 #£ 0
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Thomas Decomposition

S:{p1:07 '~~7ps:07 q1 7&07 ey C]t?éo}
Def.  Thomas decomposition of differential system S (or Sol(S)):

Sol(S) = Sol(S1) W...wSol(S,), S; simple differential system
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Thomas Decomposition

S:{p1:07 '~~7ps:07 q1 7&07 ceey Qt#o}
Def.  Thomas decomposition of differential system S (or Sol(S)):
Sol(S) = Sol(S1) W...wSol(S,), S; simple differential system

Def. S is simple if

(a) p1, .-\ Ds, @1+ .-, q have pairwise distinct leaders,

(b) leading coefficients and discriminants of p; and ¢; do not vanish,
(¢) p1, ..., ps form a passive PDE system,

(d) ¢1, ..., g are reduced modulo p1, ..., ps.
set of admissible derivations p; C {01,...,0,} for p;, i=1,...,s
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Thomas Decomposition

R=K{uy,...,um}
Def.  Thomas decomposition of differential system S (or Sol(S)):

Sol(S) = Sol(S1)W...wSol(S,), S; simple differential system
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Thomas Decomposition
R=K{uy,...,um}
Def.  Thomas decomposition of differential system S (or Sol(S)):

Sol(S) = Sol(S1)W...wSol(S,), S; simple differential system

Thm. S={p1=0,...,ps=0,q1 #0,...,q # 0} simple diff. system
E differential ideal generated by p1, ..., ps

q product of initials and separants of all p;
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Thomas Decomposition
R=K{uy,...,um}
Def.  Thomas decomposition of differential system S (or Sol(S)):

Sol(S) = Sol(S1)W...wSol(S,), S; simple differential system

Thm. S={p1=0,...,ps=0,q1 #0,...,q # 0} simple diff. system
E differential ideal generated by p1, ..., ps
q product of initials and separants of all p;

Then
E:q¢* ={peR|q -pe€Eforsomer e Zsy} = Zr(Sol(5))

consists of all differential polynomials in R vanishing on Sol(.S).
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Thomas Decomposition

p=1u?— 4t —4du + 8t =0 p € Q(t){u}

Separant of p: % =20 — 4t
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Thomas Decomposition
p =102 — 4t — 4u + 8t* = 0 p € Q(t){u}
Separant of p: Op

9 — 24— 4t

res(p, 92, 1) = —16u + 16

Thomas decomposition:

P 0

u—t> # 0 u—t2 =0
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Thomas Decomposition
p =102 — 4t — 4u + 8t* = 0 p € Q(t){u}

Separant of p: g—g =20 — 4t
res(p, %, 1) = —16u + 16t2
g
Thomas decomposition: }}\\“:“:""‘:""”I{;
R
Pl NN
W
u—t* # 0 u—t> = 0 \%ggé;//
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Separant of p:

res(p, ou

Thomas Decomposition

p=u?— 4t —4du+8t> =0

o0 — 94 — 4t

p € Q(t){u}

it

ou
W ) = —16u + 16t

on A

Thomas decomposition: \N&s‘s‘:’:"zz W/

o W

w—12 £ 0 w—12 = 0 \g&ﬁgﬂ
u(t) =2((t + ¢)* + ¢?) ceR
u(t) =t2

general solution:

essential singular solution:
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Example

v 0%

022 oy®
ou
ox
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Example

Pu_u _
ox2  oy2
ou
—-—u = 0
ox
Define
P1 = Ugg — Uyy, P2 = Um*u2

R = Q{u} with commuting derivations 0, 9.

degree-reverse lexicographical ranking > on R with 0, u > 0y u
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Example

Pu_u _
ox2  oy2
ou
—-—u = 0
ox
Define
P1 = Ugg — Uyy, P2 = Um*u2

R = Q{u} with commuting derivations 0, 9.

degree-reverse lexicographical ranking > on R with 0, u > 0y u

p3 = p1— Oy p2—2upy = *uy,y+2u3-
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Example

Fu_ou |
ox2  oy2
ou 9
——u" = 0
ox
Define
P1 = Ug gy — Uyy, po = Uy — u’

R = Q{u} with commuting derivations 0, 9.
degree-reverse lexicographical ranking > on R with 0, u > 0y u
ps = p1—Oppo —2upy = —uy,+2u°.
Janet division associates the sets of admissible derivations:
uy —u? = 0, {0,0,}

0, {=*,0,}

—2u3

Uy,y
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Example

passivity check:

0o+ s — 61y~ 2upy = (g )

factorization ~»  splitting possible
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Example
passivity check:

0o+ s — 61y~ 2upy = (g )

factorization ~»  splitting possible

If the above factorization is ignored, then the discriminant of
pa := u;, — u" needs to be considered, which implies vanishing or

non-vanishing of the separant 2u,. This case distinction leads to the

Thomas decomposition

u, —u? = 0, {0,,0,}
w2 —ut = 0, {*,0,}
u # 0 u = 0
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Example

passivity check:

0o+ s — 61y~ 2upy = (g )

factorization ~»  splitting possible
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Example
passivity check:

0o+ s — 61y~ 2upy = (g )

factorization ~»  splitting possible

For both systems a differential reduction of p3 modulo the chosen factor
is applied because the monomial 9, defining the new leader divides the
monomial d,,,, defining 1d(p3). We obtain the

Thomas decomposition

2 0, {0s,0y} uy —u? = 0, {0;,0,}

g
8
[
g
|

ﬁ‘i’uz = 0, {*,ay} uy*u2 = 0, {*78?!}
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Implementation

Maple package DifferentialThomas (M. Lange-Hegermann)
https://www.art.rwth-aachen.de/go/id/rnab
GNU LPGL license

V. P. Gerdt, M. Lange-Hegermann, D. R.
The MAPLE package TDDS for computing Thomas decompositions of
systems of nonlinear PDEs

Computer Physics Communications 234:202-215, 2019
arXiv:1801.09942

DifferentialThomas in Maple 2018 (interface by E. S. Cheb-Terrab)
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Maple 2018

ene “*untitled 6
NBEE % & BT>E Ga> WI0XC @ AQAR @ @ [search ~45] o~
Workbook N B oraing o Animasion ide
Cories «
yo BIU 5= b
 Calcutus [> restart;
v Commonsyints > with(DifferentialThomas);
0 A [ ComplementOfDecomposition, Display, Equations, i itions, LinearCombination, NormalForm, )
nmfdanus>s> L i Ranking, ition, Tools |
>
PES< AL [> ivar := [t,x];
= - =#=z ivar = [1,x] @
egc\paVv [> dvar := [u];
~AVY=CR L dvar = [u] ®
NQZ R J:=| [> Ranking(ivar, dvar);
S = e e ranking “@
T oy [> L := [diff(u(t,x),t)-6%u(t,X)*diff (u(t,X),x)+diff (u(t,x),X,X,X), u(t,x)*diff(u(t,x),t,x)-

diff(u(t,x),t)*diff(u(t,x),x)]; =
L %u(l\x) —6u(t,x) [%u(t‘x)) +%u[l\xl,u[l‘x] [%u(l.x)] e [%u'l.x') [% u(u)]l o)

[> T := Thomasbecomposition(L, []);
Te=[ i

L 1 ©6)
[> Display(T[1]);

lsu(z,x; [% u(l.x)) = % u(t,x) =0, % w(t,x) =0, u(1,x) :ol @

s e e [> pisplay(T[2]);
1 ar e L T [ B ‘)) Byl =0puteowt, Lo e #ﬂl ®
oL (diff(u(t,x).t... 3 ,x) =0, s >y /, X e ,x) =0, 8 3 8
O lbname vt o = a a’

5 itserentia

[> pisplay(T[3]1);
o | ® [ Y [u(t.x) =0] ©

[

B Matix
» Unis 51
B Units (195)
Lavour

Ready

bleMaple Default Pofle /Users/drobertz Server;6 Memory: 60.18M Time: 5025 Zoom: 150% Text Mode
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Maple 2018

Napie 2018 Help - (example,Diferentil Thonas)

[N

hamas <] Lsewen 8
prod 5 o B Examples using the DifferentialThomas Package
ts: Maple UserHelp
Poeties socsionsessaeocs B b Consistency check
Table of Coments ISR

] et Simpcnsle
] etaionsesmaral

Thomas decomposition of algebraic and differenti
2012)

Optimal Control Systems. Wiley-Interscience, New York, 1972)
» Singular solutions of ODEs

» An example of an ODE not solved using DifferentialAlgebra or DEtools:-rifsimp
Equations, PhD thesis, RWTH Aachen University, 2014)

Equations. PhD thesis, RWTH Aachen University, 2014)

E = » Computation of Lagrangian constraints (Eq.13, V.P.Gerdt, D.Robertz. Lagrangian constraints and differential
e — Thomas decomposition. Advances in Applies Mathematics 72, 113-138, 2016)

o

b e »C fon of L i ins (Eq.8.1, A. Deriglazov. Classical mechanics, Hamiltonian and
Buanesenin Lagrangian formalism. Springer, Heidelberg, 2010)

[ ——

B0t e | Painleve test for Burgers equations (Ex.1, Fuding Xie, Yong Chen. An algorithmic method in Painleve analysis
8 bimonsorin of PDE. Computer Physics Communications 154, 197-204, 2004)

Sty » Cole-Hopf transformation (Ex.3.8, T. Baechler, V. Gerdt, M. Lange-Hegermann, D. Robertz. Algebraic
systems. Journal of Symbolic Computation, 47, 1233-1266,

» Continuous stirred-tank reactor as nonlinear control system (Ex.1.2, H. Kwakernaak, R. Sivan. Linear

» Automatic theorem proving: evolute of a tractrix (M. Lange-Hegermann, Counting Solutions of Differential

» Parameter identification in predator-prey equations (M. Lange-Hegermann. Counting Solutions of Differential
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Differential Elimination

R=K{uy,...,um}t, Bi1W..."dBy=U:={uy,...,un} partition

Block ranking:  u;, € B;

e Wi, € Bj,, Ji, Ja € (Zso)"

j1 < j2 or (j1 = j2 and (87+ > 92

oMy, > 02, —
or (Jl =Jyand i; < ’LQ))
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Differential Elimination

R=K{uy,...,um}t, Bi1W..."dBy=U:={uy,...,un} partition
Block ranking:  w;, € Bj,, u;, € Bj,, Ji, Jo € (Zxo)"
j1 < j2 or (j1 = j2 and (87 > 972

oMy, > 02, —
or (Jl =Jyand i; < ’LQ))

Thm. S simple diff. system, 1<i<k
E; diff. ideal of K{B;,...,Bir} gen. by {p1,...,ps} NK{B;,..., By}

g; product of initials and separants of all p; in intersection
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Differential Elimination

R=K{uy,...,um}t, Bi1W..."dBy=U:={uy,...,un} partition
Block ranking:  w;, € Bj,, u;, € Bj,, Ji, Jo € (Zxo)"
j1 < j2 or (j1 = j2 and (87 > 972

oMy, > 02, —
or (Jl =Jyand i; < ’LQ))

Thm. S simple diff. system, 1<i<k
E; diff. ideal of K{B;,...,Bir} gen. by {p1,...,ps} NK{B;,..., By}
g; product of initials and separants of all p; in intersection

Then,  (E:q®)NK{Bi,....,Bx} = E; : ¢©°.
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Differential Elimination

Lemma
Let S be simple, w.r.t. any ranking >, FE diff. ideal generated by

S= ={p1,...,ps}, q prod.init. sep. of all p;;, V C{uy,...,um}
If P:={peST|peK{V}} ={peST|Ild(p) € Mon(A)V },
then (E:¢>®)NK{V} = FE :(¢)>~,

E' diff. ideal of K{V} gen. by P, ¢ prod. of init. and sep. of p € P.
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Differential Elimination

Lemma
Let S be simple, w.r.t. any ranking >, FE diff. ideal generated by

S= ={p1,...,ps}, q prod.init. sep. of all p;;, V C{uy,...,um}
If P:={peST|peK{V}} ={peST|Ild(p) € Mon(A)V },
then (E:q®)NK{V} = E :(¢)%>,

E' diff. ideal of K{V} gen. by P, ¢ prod. of init. and sep. of p € P.

Proof. Let 0#pe (E:¢®°)NK{V}. Since S issimple,
bp = R-linear comb. of py, ..., ps and their derivatives
By assumption, Janet divisor of bp is in K{V'}.

Pseudo-reduction p — 0 in K{V}. O
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4. Nonlinear Control Theory
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Control Theory
R=K{uy,...,un}, U:={us,...;un}t, S simple diff. system
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Control Theory
R=K{uy,...,un}, U:={us,...;un}t, S simple diff. system
Def.

x €U s observable w.rt. 'Y CU — {z}
dpe(E:q¢>®)—{0} st

_— p € K{Y}[z] (without derivatives of x)

initial of p & (E : ¢*°), % ¢ (E:q™)
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Control Theory
R=K{uy,...,un}, U:={us,...;un}t, S simple diff. system

Def.
x €U s observable w.rt. 'Y CU — {z}
dpe(E:q¢>®)—{0} st
_— p € K{Y}[z] (without derivatives of x)
- Ip o0
initial of p & (F : ¢*°), — & (E:¢*)
Ox
Def.
Y CU s a flat output
(E:¢>) N K{Y} = {0}
—

every z €U —Y isobservable w.rt. Y
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Example

Stirred tank:

<
—~

~
~—

Fi(t) + Fa(t) — k/V(

c1 F1(t) + co Fg(t) —C(t)k’ V(t)

o
—~
~+
~—
<
—~
~+
~

H. Kwakernaak, R. Sivan, Linear Optimal Control Systems, John Wiley & Sons, 1972.
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Example

R = Q{F1, F3,5V,c,c1,c2}, ranking > s.t. {Fy, Fo} > {sV,c} > {c1, 2}

> with(DifferentialThomas):
> ivar := [t]: dvar := [F1,F2,sV,c,cl,c2]:
> ComputeRanking(ivar, [[F1,F2],[sV,c],[cl,c2]]):

> L := [2%sV[t]*sV-F1-F2+kx*sV,
c[t]*sV"2-c2*F2+cxk*xsV-c1*F1+2*xcxsV[t]*sV, c1[t], c2[t]]:

> LL := Diff2JetList(Ind2Diff(L, ivar, dvar));
LL := [28V18V0 — F10 — FQ() + kSV(),
018V02—620F20+Cok58V0—C]0F10+2CQSV18V07 clq, 021]

> TD := DifferentialThomasDecomposition(LL,
[sv[0],c1[0],c2[011);

TD := [DifferentialSystem, DifferentialSystem, DifferentialSystem)
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Example

> Print(TD[1]);
[c2F1 —cl F1+2csVsVy—2c2 sVsVi+esV?+cksV — c2ksV =0,
1 F2 — c2F2+2csVsV,—2cl sVsVyi+e;sV2+cksV — ¢l ksV =0,
cly =0, ¢2,=0, c2#0, c1#0, cl—c2#0, sV #0
> collect(%[1], F1);
(c2 —cl)F142¢csVsVy—2c2sVsV, +CtSV2 4+ cksV — c2ksV =0

> collect(%%[2], F2);
(¢l —c2)F2+42¢csVsVy—2cl sVsV, +sVE4cksV —cl ksV =0

= Fy, F5 observable with respect to {c, sV'}

(E:q™)NnQ{sV,c} = {0} = {c,sV'} is flat output
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Example

> Print(TD[2]);

[cF1 — ¢2F1 4 c¢F2 — c2 F2 4 ¢;sV? =0,
2¢sVy—2c2sVi+csV+ck—c2k=0, cl—-c2=0, c2,=0,
240, c—c240, sV#£0)

> Print(TD[3]);
[F14+F2—-2sVsVy—ksV =0, c—c2=0, cl—c2=0, c2,=0,
240, sV £0]

conditions ¢; = ¢o and (¢1): = (¢2): = 0 preclude control of the
concentration in the tank
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Example

2-D crane:
mi = —T sinf
g mz = —Tcosf+mg
r = Rsinf+d
Y TS, S z = Rcosl
z

M. Fliess, J. Lévine, P. Martin, P. Rouchon, Flatness and defect of non-linear systems:

introductory theory and examples, Internat. J. Control 61(6), 1327-1361, 1995.
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Example

Q(mag){Tv $,C, da R,SL’, Z}

block ranking > satisfying {7 s, c,d, R} > {z, 2z}

> with(DifferentialThomas):
> ivar := [t]: dvar := [T,s,c,d,R,x,z]:

> ComputeRanking(ivar, [[T,s,c,d,R],[x,z]]1):
> TD := DifferentialThomasDecomposition(
[m*x [2]+T[0]*s[0], m*z[2]+T[0]*c[0]-m*g,

x[01-R[0]*s[0]1-d[0], z[0]-R[0]1*c[0], c[0]-2+s[0]"2-1],
1;

TD := [DifferentialSystem, DifferentialSystem, DifferentialSystem,

DifferentialSystem, DifferentialSystem, DifferentialSystem,
DifferentialSystem)
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Example

> Print(TD[2]);
[T +mz,R—mgR=0, zRs—gRs—zx,,=0, Rc—z=0,
zigd — gd + 224y — 2208 + g =0,
Zt,t2E2 - 29%,1532 +¢*R* — 22w — 2Pz +292%2, — 972 =0,
2#0, 2 —g9#0, 34 #0, @2+Zt,t2*292t,t+92 # 0]
> collect(%[5], R, factor);

(zt,t — 9)2 R2 — 2’2 ($t7t2 + Zt,tQ — 2th,t + 92) = 0
= T,s,c,d, R observable with respect to {z, z}

(E:¢>®)NQ{z, z} = {0} = {z, z} is flat output
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Example
> Print(TD[1]);

[T=0, Rs+d—2=0, Rc—2z=0, d>—2zd+22—R2+22=0,

mzoz Ztt*g:(), g;é(], E7£07 E+Z7£O7 E7Z?£0]

> Print(TD[3]);
[T —mz+mg=0, s=0, ¢+1=0, d—x=0, R+z=0,
x4t =0, z#0]

> Print(TD[4]);
[T +mztt —mg=0, s5=0,
it =0, z#0]

> Print(TD[5]);

2

[T —mg=0, gs+mic=0, g°c*+z1:°c*—9g2=0, d—x=0, R

2=0, 24 #0, z4°+9g°#0]

> Print(TD[6]);
[T+mg=0, s=0, ¢c+1=0, d—x=0, R=0, x;:=0, z=

> Print(TD[7]);

[T-mg=0, s5=0, ¢c—1=0, d—x=0, R=0, zt+=0, z=
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