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Probability, combinatorics, experiments
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Persistence in physics

Computer Algebra for Functional Equations in Combinatorics and Physics

• Experimental physics
(dew)

• Ising model
• Disordored systems

(Sinaï model)
• Polymer chains
• Interface fluctuations

(plate tectonics)
Random process

“Stress”

Position

Moment

Propagation distance

Relative displacement

Position

Integrated process
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Persistence in probability theory
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• Ballot problem
(enumerative aspects)

• Fluctuation of random walks
(survival, first passage times)

• Processes in cones
• Gaussian processes

(Brownian motion between two barriers)
• Occupation time

Persistence exponent

P(n) ∼ n−α
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Sparre Andersen theorem
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Random walk

S(n) = X (1) + · · ·+ X (n),

with X (i) iid and real

Persistence (or survival) probability

P(S(1) ⩾ 0, . . . ,S(n) ⩾ 0) = P(τ > n),

with τ = inf{p ⩾ 0 : S(p) < 0}

Sparre Andersen universality result
If X (i) is symmetric and without any atom,

P(S(1) ⩾ 0, . . . ,S(n) ⩾ 0) =
1
4n

(
2n
n

)
∼ 1√

πn
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Sparre Andersen theorem
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Random walk
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∞∑
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n=1

P(S(n) ⩽ 0)
zn

n

)
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Auto-regressive processes: definition
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A classical model in statistics (ARMA)
Recursive definition

A(n) =

p∑
i=1

θ(i)A(n − i) + X (n)

In this talk

A(n) = θA(n − 1) + X (n)

One-parameter generalisation of random walks

A(n) = θn−1X (1) + θn−2X (2) + · · ·+ θX (n − 1) + X (n)

Perpetuity and duality

Ã(n) = X (1) + θX (2) + · · ·+ θn−2X (n − 1) + θn−1X (n)
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AR(1) processes: questions...
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Describing the persistence probability (function of θ and n)

pn(θ) = P(A(1) ⩾ 0, . . . ,A(n) ⩾ 0)

• Sparre Andersen theorem in the AR(1) case?
• Asymptotics as n → ∞?
• Closed-form expressions?
• Symmetries in θ?

Some particular cases

θ ∈ {−∞,−1, 0, 1,∞}
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Sparre Andersen AR(1) version

Computer Algebra for Functional Equations in Combinatorics and Physics

A duality θ ↔ 1
θ

If θ > 0 and n ⩾ 0,

n∑
k=0

pk(θ)pn−k(1/θ) = 1

( ∞∑
n=0

pn(θ)z
n

)( ∞∑
n=0

pn(1/θ)zn
)

=
1

1 − z

Idea of proof
Pathwise decomposition at global
minimum time
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A second duality
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Once again the duality θ ↔ 1
θ
· · ·

If θ < 0 and n ⩾ 1,

n∑
k=0

(−1)kpk(θ)pn−k(1/θ) = 0

( ∞∑
n=0

pn(θ)z
n

)( ∞∑
n=0

pn(1/θ)(−z)n

)
= 1

−∞ −1 0 1 ∞

θ ↔ 1
θθ ↔ 1

θ
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Central regime θ ∈ [−1, 1]
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Assume the X (i) admit a density f (x) over R

A naive formula

pn(θ) =

∫
R
· · ·
∫
R
f (x1) · · · f (xn)1x1⩾01x2+θx1⩾0 · · · dxn · · · dx1

• Volume of polytopes
• Recurrence formulas
• Addition formulas (exponential function)
• Uniform distribution f (x) = 1

21[−1,1](x)
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Uniform distribution on [−1, 1]
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Some particular cases...

p1(θ) = P(X (1) ⩾ 0) =
1
2

p2(θ) = P(X (1) ⩾ 0,X (2) + θX (1) ⩾ 0)

=
1
4

∫ 1

0

∫ 1

−(1∧θx1)
dx2dx1

=
θ + 2
222!

p3(θ) =
θ3 + 3θ2 + 6θ + 6

233!

11 / 25



Uniform distribution on [−1, 1]
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...and a theorem
For n ⩾ 0 and θ ∈ [−1, 1

2 ],

pn(θ) =
Jn+1(θ)

2nn!

Combinatorial polynomials

Jn(θ) = n-th Mallows-Riordan polynomials

Help

−∞ −1 0 11
2 2 ∞

θ ↔ 1
θθ ↔ 1

θ
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Uniform distribution on [−1, 1]

Computer Algebra for Functional Equations in Combinatorics and Physics

Graph of p5(θ)
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Mallows-Riordan by Mallows-Riordan
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Deformed exponential function

∞∑
n=0

θ
n(n−1)

2
zn

n!
= 1 + z + θ

z2

2
+ · · ·

log

( ∞∑
n=0

θ
n(n−1)

2
zn

n!

)

=
∞∑
n=1

(θ − 1)n−1Jn(θ)
zn

n!

1

2

7 8

5

4 3 6

nn−2 = Jn(1) =
∑

· · ·
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Mallows-Riordan by Gessel
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An alternative definition...

∞∑
n=0

Jn+1(θ)
zn

n!
=

∑∞
n=0

(1+θ+···+θn)n

θ
n(n+1)

2

zn

n!∑∞
n=0

(1+θ+···+θn−1)n

θ
n(n+1)

2

zn

n!

...associated to a recurrence
n∑

k=0

(
n

k

)
(θ − 1)k

θ
k(k−1)

2 −kn

(θn−k − 1)n−k

(θn+1 − 1)n
Jk+1(θ) = 1
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Mallows-Riordan and the log-normal dist.
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The log-normal distribution

If X ⇝ N (µ, σ2), then Y = eX

is log-normal

Cumulants generating function

logE(etY ) = log

( ∞∑
n=0

enµ+n2σ2/2 t
n

n!

)

= log

( ∞∑
n=0

θ
n(n−1)

2
zn

n!

)
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Mallows-Riordan and polytopes

Computer Algebra for Functional Equations in Combinatorics and Physics

Cayley’s polytope (and friends)
The volume of

{(x1, . . . , xn) ∈ Rn : 1 ⩽ x1 ⩽ 2, 1 ⩽ x2 ⩽ 2x1, . . . , 1 ⩽ xn ⩽ 2xn−1}

is given by Jn+1(2)
n!

Jn+1(θ) =
n!

(θ − 1)n

∫ θ

1

∫ θx1

1
· · ·
∫ θxn−1

1
dxn · · · dx1
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Idea of proof
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Pour θ ∈ [−1, 1
2 ],

pn(θ) =
1
2n

∫ 1

0
· · ·
∫ 1

−(θxn−1+···+θn−1x1)
dxn · · · dx1

• Recurrence à la Gessel
• Order statistics
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Some simple cases of the theorem
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Recall of the statement
For n ⩾ 0 and θ ∈ [−1, 1

2 ],

pn(θ) = P(X (1) ⩾ 0,X (2) + θX (1) ⩾ 0, . . .) =
Jn+1(θ)

2nn!

• θ = 0 −→ Jn+1(0) = n!
(bijection between ordered labeled trees and permutations)

• θ = 1 −→ Jn+1(1) = (n + 1)n−1

(Cayley’s formula for the number of labeled trees)
• θ = −1 −→ Jn+1(−1) = An

(n-th zig-zag number 1+sin x
cos x = 1 +

∑
n⩾1

An
n! x

n)

• θ = 1
2 −→ 2

n(n−1)
2 Jn+1(

1
2)

(acyclic initially connected digraphs with n + 1 vertices)
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Polytopes volume
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Cayley’s polytope
The volume of

{1 ⩽ x1 ⩽ θ, 1 ⩽ x2 ⩽ θx1, . . . , 1 ⩽ xn ⩽ θxn−1}

is given by Jn+1(θ)
n!

Tutte’s polytope T(q, t)

{xn ⩾ 1−q, qxj ⩽ q(1+t)xj−1−t(1−q)(1−xi−1), 1 ⩽ i ⩽ j ⩽ n}

with q ∈ (0, 1] and t ⩾ 0

Konvalinka-Pak formula for the volume of T(q, t) in terms of Tutte’s
polynomial of the complete graph (Mallows-Riordan like)
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Asymptotics n → ∞
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Zeros of the deformed exponential
function
zθ smallest real > 0 such that

∞∑
n=0

θ
n(n−1)

2
(−z)n

n!
= 0

When n → ∞
For θ ∈ [−1, 1

2 ],

pn(θ) ∼
1

zθ(2(1 − θ)zθ)n
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Asymptotics θ → ∞
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A mysterious series

lim
n→∞

pn(θ) =
1
2
−
(

1
8θ

+
1

16θ2 +
5

96θ3 +
1

24θ4 +
5

128θ5 + · · ·
)

• Radius of convergence?
• Regularity of coefficients 1

2 ,
5
6 ,

4
5 ,

15
16 ,

14
15 ,

27
28 ,

107
108 ,

641
642 , . . .
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The Persistence of Memory
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Wagner’s persistence Leitmotiv
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Sisyphus
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