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Persistence in physics HI
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® Experimental physics

(dew) : Dry e A
Ising model
Disordored systems
(Sinai model)
Polymer chains
Interface fluctuations
(plate tectonics)
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Persistence in probability theory HI
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Ballot problem .
(enumerative aspects)

Fluctuation of random walks
(survival, first passage times)

Processes in cones

Gaussian processes
(Brownian motion between two barriers)

Occupation time

Persistence exponent

P(n) ~n=¢
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Sparre Andersen theorem Hi

Random walk

S(n) = X(1)+---+ X(n),
with X(7) iid and real

Persistence (or survival) probability
P(5(1) > 0,...,5(n) =2 0) =P(r > n),
with 7 = inf{p > 0: S(p) < 0}

| A\

Sparre Andersen universality result

If X(i) is symmetric and without any atom,

P(5(1)>0,...,5(n)>0)=4_1n(2nn> N \/%

Computer Algebra for Functional Equations in Combinatorics and Physics



Sparre Andersen theorem HI
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Random walk
S(n) = X(1) +---+ X(n),
with X(/) iid and real

y

Sparre Andersen universality result

If X(i) is symmetric and without any atom,

P(5(1)>o,...,s(n)20):i(2n> N\/%

4n
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Auto-regressive processes: definition HI
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A classical model in statistics (ARMA)

Recursive definition

A(n) = 0(i)A(n — i)+ X(n)

i=1

v

In this talk

A(n) = 0A(n — 1) + X(n)

One-parameter generalisation of random walks

A(n) = 0" X(1) +6"2X(2) + - -- + 60X (n — 1) + X(n)

Perpetuity and duality
A(n) = X(1) +0X(2) +--- +0"2X(n — 1) + "1 X(n)

Computer Algebra for Functional Equations in Combinatorics and Physics



AR(1) processes: questions... Hi
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Describing the persistence probability (function of 6 and n)

¢ Sparre Andersen theorem in the AR(1) case?
® Asymptotics as n — oo?
¢ (Closed-form expressions?

® Symmetries in 67

Some particular cases

0 € {—o00,—1,0,1,00}
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Sparre Andersen AR(1) version HI
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A duality 6 <> 3

If & >0and n>0,

n

> p(0)pn—i(1/0) = 1

k=0

(Z pnw)z") (Z pn(l/e)z") -
n=0 n=0

Time Series Plot of Quakes

Idea of proof

Pathwise decomposition at global
minimum time
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A second duality HIL
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Once again the duality 0 « %
If 0 <0and n>1,

n

S (= 1)*pk(8)pn_k(1/8) = 0

k=0

(Z Pn(9)2"> <Z pn(1/9)(—z)”> =1
n=0 n=0

0 5 0« %
/_\ /\
'  —— |
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Central regime 0 € [—1, 1] HIL
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Assume the X(/) admit a density f(x) over R

A naive formula

pn(e):/'/f(xl)f(Xn)]-X]_}Ole-l-eX]_ZOandX].
R R

Volume of polytopes

Recurrence formulas

Addition formulas (exponential function)
Uniform distribution f(x) = %1[_1,1](x)
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Uniform distribution on [—1, 1] HIL
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Some particular cases...

== 1 dX2dX1
4 Jo J-(1nex)
0+ 2

~ 22
03 +30% + 60 + 6
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Uniform distribution on [—1, 1] HIL
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...and a theorem
Forn>0and 0 € [-1, 3],

pa8) = 220)

Combinatorial polynomials

Jn(0) = n-th Mallows-Riordan polynomials

0« % 0« %
/\ /\
[ [ T [ ]
—00 —1 0 % 1 2 00
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Uniform distribution on [—1, 1] HI
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Graph of ps(0)
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Mallows-Riordan by Mallows-Riordan HI
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THE INVERSION ENUMERATOR FOR LABELED TREES

Deformed exponential function

2

0 m o ~coutd n e -
Z nn1) Z z et e
0 2 - = 1 + V4 + 0_ + s ) Tan@) = VK, Kl

n=0
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Mallows-Riordan by Gessel Hi
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An alternative definition...

0o (1464-+6m)" zn
o zn ano n(n+1) i
J,,_|_1(0)— = 62
n! S0 (A+0+--+0771)7" 20
n=0 n=0 n(n+1) n!
0" 2

...associated to a recurrence

“ n 9 — 1)k (9n—k — 1)k
) (k) Q(M )kn ((en+1 : )1)n Jisa(0) =1

k=0 2
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Mallows-Riordan and the log-normal dist. HI
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The log-normal distribution

If X ~» N(,02), then Y = X
is log-normal

Cumulants generating function

oo

tn
log E(e®) = log (Z e”"+”2"2/2m>

n=0
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Mallows-Riordan and polytopes HIL
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Cayley's polytope (and friends)

The volume of
{0y %) €ERT:1 < 2,1 <%0 <2x7,...,1 < Xp < 2Xp-1)

is given by "“(2)

nl 6 Ox1 Oxn_1
0= g [ [ [
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|dea of proof HI
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Pour 0 € [-1, 1],

1 1 1
pn(a)zg/ / dxp - - - dxy
0 —(Oxn—1+-+0""1x1)

® Recurrence a la Gessel

® Order statistics
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Some simple cases of the theorem HI
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Recall of the statement
Forn>0and 0 € [-1,1],

Jn—i—l(e)

0 =0 — Jpt1(0) = n!

(bijection between ordered labeled trees and permutations)
0=1— Jpy1(1) = (n+1)"1

(Cayley's formula for the number of labeled trees)

e ()=-1— Jn+1(—1) =A

(n—th zig-zag number % =14+ Zn>1 ﬁfX )

n(n—1)

o =5 —2 2 Jn+1(%)
(acycllc initially connected digraphs with n + 1 vertices)

Computer Algebra for Functional Equations in Combinatorics and Physics




Polytopes volume Hi
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Cayley's polytope

The volume of

{1<X1<9,1<X2<0X1,...,1<Xn<0Xn_1}

is given by "“(0)

Tutte's polytope T(q, t)

{xn>1-0q, ¢ <q(1+t)x1—t(1-q)(1-x-1), 1 </ <Jj<n}

with g € (0,1] and t > 0

V.

Konvalinka-Pak formula for the volume of T(q, t) in terms of Tutte's
polynomial of the complete graph (Mallows-Riordan like)
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Asymptotics n — 00 HI
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Zeros of the deformed exponentia| Big Conjecture #1. All roots o () are simple for [y < 1

[and also for |y| = 1, I suspect]

fu nction Consequence of Big Conjecture #1. Each root z(y) is
analytic in Jy] < 1.

Big Conjecture #2. The roots of F(-,y) are non-crossing

Zp smallest real > 0 such that in ol o ] < 1

[zo®)l < |za(y)] < lea(y)] < ...

[and also for |y| = 1, I suspect]

o0
Z 0 n(n—1 ( —Z ) W Consequence of Big Conjecture #2. The roots are actually
2 —_—

— 0 separated in modulus by a factor at least [y, i.c.
n! [z4@)] < lylleca()]  forall k>0

For 6 € [-1, 3],

.
z9(2(1 — 0)zy)"

pn(e) ~
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Asymptotics 8 — 0o HI
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A mysterious series

|'m(9)—1 1, .5 .t 5
e PP =5 7 80 T 1662 T 0663 ' 246% ' 12865

® Radius of convergence?

. -y 1 5 4 15 14 27 107 641
o Regu|ar|ty Of COfoICIentS 576757167 152 28> 108’ 6427 * * *
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The Persistence of Memory HI
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Wagner's persistence Leitmotiv HI
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VORSPIEL UND ERSTE SCENE.

( Auf dem Grunde des Rheines. Grintich Diumerung,nach oben zu lichter nach unten zu dunkler. Die Hikeist von wogendem tie.

wasser erfiillt, das rastlos von rechts nach links zu stromt. Nach derTicfi

zulosen dic Fluthen sich in einen immer feincren fouchten Nebel aufyso dass der
Rawm der Manneshishe vom Boden anf i

oh frei vom Wasser zu sein scheiy lches wie in Wo iigen iiber den néichtli vrund dahin fliesst.

Ueberall ragen schroffe Felsenriffe aus der Tiefe anf, and griinzen den Raum der Biihne abs der ganze Boden ist in wildes Zackengewirr

apul.
tens so daxs er nirgends vollkommen eben ist, und naeh allen Sciten hin in dichtester Finsterniss tiefere Schliiffto annchmen lisst. — Das Orchester

boginnt bei nach niedergezagenem Vorhang:)

Ruhig heitere Bewegung.

ar
(LA BLAN SN R AN -
Aenste =
CONTRABASSE. !
A zweile ———
S . S S T R .
Saite nach Es gestimmt.
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Sisyphus HI

HENRI LEBESGUE

Computer Algebra for Functional Equations in Combinatorics and Physics



