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Execute Closure Properties of D-Finite Functions

Some D-finite and some non-D-finite functions:
2 2 /
erf(\/x + 1) + exp(\/x + 1)

((sinh(a:))2 + (Sin(a:))_z) : ((cosh(:v))2 + (COS(LL’))_2) X

log(m) /
exp(vI_22)
arctan(e‘”) X
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Finite Element Methods
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Finite Element Methods




Finite Element Methods

(joint work with Joachim Schéberl and Peter Paule)

Simulate the propagation of electromagnetic waves according to

dH dE
= curl £, GRE — eUI/E (Maxwell)

where H and E are the magnetic and the electric field respectively.
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Finite Element Methods

(joint work with Joachim Schéberl and Peter Paule)

Simulate the propagation of electromagnetic waves according to

dH dE
= curl £, GRE — eUI/E (Maxwell)

where H and E are the magnetic and the electric field respectively.
Define basis functions (2D case)
pigl@y) = (1 - 2P0 2z =) A(E - 1)

using Legendre and Jacobi polynomials.
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Finite Element Methods

(joint work with Joachim Schéberl and Peter Paule)

Simulate the propagation of electromagnetic waves according to

dH dE
= curl £, GRE — eUI/E (Maxwell)

where H and E are the magnetic and the electric field respectively.
Define basis functions (2D case)

pil@my)i= @ - o) B0 Qe < DBR(EL - 1)
using Legendre and Jacobi polynomials.

Problem: Represent the partial derivatives of ¢; j(x,y) in the
basis (i.e., as linear combinations of shifts of the ¢; j(x,y) itself).
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Find Certain Operators in Annihilator Ideals
Ansatz: One needs a relation of the form

D api(i, ) ikt (@) = D b6 5)Pirmjan(@,y),
(k)eA (m,n)eB

that is free of z and y (and similarly for d%).



Find Certain Operators in Annihilator Ideals

Ansatz: One needs a relation of the form

D api(i, ) ikt (@) = D b6 5)Pirmjan(@,y),
(k1) eA (m,n)eB

that is free of z and y (and similarly for d%).
Result: With our holonomic methods, we find the relation

(20 + 5 +3) (20 + 25 + )L i j1(z,y)+

22+ 1)(i+j + 3) i jralz, y)—

(j +3)(2i + 25 4+ 5) -5 j3(2, y)+

(J+1)(20 + 25 +7)eir1(w,y)—

2(2i 4+ 3)(i + j + 3) L i1, 41 (2, y)—

(2045 +5) (20 + 25 +5) L i1 j12(, y)+

Q(i + 7+ 3)(2i + 25 + 5)(2i + 25 + 7)(,02‘7j+2(x, y)+

Q(i + 7+ 3)(2i + 25 + 5)(2’i + 25 + 7)QDZ'+17]'+1 (:E, y) = 0.



Prove Special Function ldentities

NIST Handbook
of Mathematical

HANDBOOK OF Functions
MATHEMATICAL FUNCTIONS
o

Conton 1 B Scce Pblbers
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Table of Integrals by Gradshteyn and Ryzhik







Table of_lntegrals by Gradshteyn and Ryzhlk
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Table of Integrals by Gradshteyn and Ryzhik

7.319

1
i s T(A+n)T(p) T(v)
1. 1 — g)p-lgr-1 g2 1/2) ge = (—1}*
/0( o) tart 63, (1e?) do = (1) AT T 1 )
[Rep >0, Rev>0] ET 1l 191(41)a
L —~1)"2y () ['(A nr i
9. /(1—1)“713’;”71 C§n+1 (,YI}_/Z) dr:( )2y T(p) DA +n+ )1 (J/+ 2)
0 T (p+ v+ 3)
i
X 3F2 fn,n+)\+l,u+%;%,u+v+§;72)

[Rep >0, Rew>-—1] ETII191(42)

1
3F2 (fm n A vig kot V;"YZ)

7.32 Combinations of Gegenbauer polynomials C¥(x) and elementary functions

1 I S 1-v;n
7.321 / (1—22)"" 2 e C%(2) dz = %((2)”%&7” Jv4n(a)
1 n! (v
[Rer > —1] ET Il 281(7), MO 99a
2a
—- bz g, wTI@v+n) raNe o
7.322 /0 [(2a — z)]"~ Cn(ﬂ 1)e da = (1) s (21;) eI, . (ab)
[Rev > —1] ET 1171(9)
7.323

1. f G% (cos @) (sin @)™ dp=0 [n=1,23,..] 5/9
0



Table of Integrals by Gradshteyn and Ryzhik

2 gt 2l=vin (2
_/71 (1-2%)"" 29" C% () dz = %Ma”’ Ju4n(a)
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Table of Integrals by Gradshteyn and Ryzhik
X&b& %//
Gegenbauer

polynomials cl) ()

1 1 1—v . n
o\ Y ez w w27V (2v +n)
-[1 (1-2% &' O (z) dz = S a ¥ Jugn(a)



Table of Integrals by Gradshteyn and Ryzhik

%%@%%

Gegenbauer Gamma
polynomials C’,(La)(a:) function I'(x)

l

1 1 1—v n
_ 2\ z iax o iy w2 L I‘(2u+’n) —v
-[1 (1-2% &' O (z) dz = S a ¥ Jugn(a)




Table of Integrals by Gradshteyn and Ryzhik

/ ~N

s

Gegenbauer Gamma Bessel
polynomials C{*(z)  function T'(z) function J,(z)

| 1\ o r(2y ) n) y /
a v

/ (1- $2)y77 €9 O¥ (z) dx = S +n(a)

-1



Table of Integrals by Gradshteyn and Ryzhik

——"y
(i |

Gegenbauer Gamma Bessel
polynomials C\*)(z)  function I'(z) function J,(z)
2 v—1 a2V T(2v +n)
[ -y e oy = BT T g )

Let's prove this identity with creative telescoping. ..
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Prove Special Function Identities
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Prove Special Function Identities

S-S0 o

. ol b,
/ : gt 4T = i Q% (2)
o (

xt + 2a22 + 1)



Prove Special Function Identities

S-S0 o

11
/oo 1 . 7T.Pn(1m+27 m 2)(CL) (2)
0o (2% + 2az? + l)m+1 2m+%(a + 1)m+%

ez ?n! L (z) :/ e*tt%Jr”Ja(%/ﬁ) dt (3)
0



Prove Special Function Identities

N HIGH IR )

1
m+35,—m—3

0o (2% + 2az? + l)m+1 2m+%(a + 1)m+%

e 22 2n) L (z) :/ e*tt%Jr”Ja(%/ﬁ) dt
0

0o OO OO mon,—x2
/ )Hn(.fli)r s'e dx:ﬁ€2’r‘8

m!n!
m= On 0



Prove Special Function Identities

N HIGH IR )

1
m+35,—m—3

0o (2% + 2az? + l)m+1 2m+%(a + 1)m+%

e 22 2n) L (z) :/ e*tt%Jr"Ja(%/%) dt
0

o0 OO OO Hn x Tmsne_x2 .
/ () ni' 7)1' dz = /me?
m= On 0 o
_ 2\~ 2 plax (v) _ Wlnr(n + QV)Jn+,,(a)
/1 (1= O@)de = = S T W)



Symbolic Determinants via HoIonomic Ansatz

1 n—
det
1<i3’<n<i—|—j—l) 2n—1'H k:+1n1
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Symbolic Determinants via HoIonomic Ansatz

1 n—
det
1<i3’<n<i—|—j—l) 2n—1'H k:+1n1

i k) _ on(n—1)/2
0<i%2tn—1(zk: <l<:> <l<:>2 ) 2
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Symbolic Determinants via HoIonomic Ansatz

1 n—
det
1<i3’<n<i—|—j—l) 2n—1'H /<:+1

i k) _ on(n—1)/2
i (2 () ()2 -

n—1
2i+ 2a (2k + 2a)'k!
2n(n 1)/2 | |
ogigeggq,—l((j—l—b)) (k4 b)!(2k + 2a — b)!
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Symbolic Determinants via HoIonomic Ansatz

1 n—
det
1<i3’<n<i—|—j—1> 2n—1'H k+1

i k) _ on(n—1)/2
Ogiggz—l(zk: <I<:> <k>2 ) :

. n—1
22 + 2@ 2n(n 1)/2 H Qk + 2(1)‘](3'
A\ j+o (k + b)1(2k + 2a — b)!

ML (- 3) (A7 + D) .ﬁ(,u—kz'—i-i%)zr

i+ g+ 2r
det i
1<z,j<62m+1 <( ] +2r —2 > l7j+2r>
—1)
2

_ 3 .
am=2r 1 (G o+ §)m77“+1 i=1 (0)2r

M (4204 6r 4 3)7 (B 420+ 38 +2)°

<11

i=1 (1)12 (% +2.4‘37“4'2)571
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The Holonomic Ansatz



The Holonomic Ansatz




The Holonomic Ansatz
Problem: Prove a determinantal identity of

the form det (a;;) = by

1<i,j<n




The Holonomic Ansatz
Problem: Prove a determinantal identity of

the form det (a; ;) = by, where
1<i,y<n 7

> a; j is a holonomic sequence




The Holonomic Ansatz
Problem: Prove a determinantal identity of

the form det (a; ;) = by, where
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> a;; is a holonomic sequence

» that does not depend on n




The Holonomic Ansatz
Problem: Prove a determinantal identity of

the form det (a; ;) = by, where

SULIS

> a;; is a holonomic sequence
» that does not depend on n, and

> b, is a closed form (b, # 0 for all n).




The Holonomic Ansatz
Problem: Prove a determinantal identity of

the form det (a; ;) = by, where

LIS

> a;; is a holonomic sequence
» that does not depend on n, and

> b, is a closed form (b, # 0 for all n).

o | marCR=er
An.n i' wio SOl

det(A,) = an1Cofp 1 + ...+ appn—1Cof, 1 + anrn det(Ay_1)

Laplace expansion:



The Holonomic Ansatz
Problem: Prove a determinantal identity of

the form det (a; ;) = by, where

LIS

> a;; is a holonomic sequence
» that does not depend on n, and

> b, is a closed form (b, # 0 for all n).

Laplace expansion:

det(A,) Cof, 1
det(An_1)  ldet(An_q) T " et

COfn,n—l

oty TN

WHO YOU OONNA

+ Qn n

(An—l)



The Holonomic Ansatz
Problem: Prove a determinantal identity of

the form det (a; ;) = by, where

LIS

> a;; is a holonomic sequence
» that does not depend on n, and

> b, is a closed form (b, # 0 for all n).

o | marCR=er
An.n i' wio SOl

= 0n1Cn1+ ...+ Ann-1Cnn—1+ AGnnCnn

Laplace expansion:

det(A,)
det(A,—1)



The Holonomic Ansatz
Problem: Prove a determinantal identity of

the form det (a; ;) = by, where

SULIS

> a;; is a holonomic sequence
» that does not depend on n, and
> b, is a closed form (b, # 0 for all n).

o | == G
Qnn i ; w"°'°“°°

Laplace expansion:

det



The Holonomic Ansatz
Problem: Prove a determinantal identity of

the form det (a; ;) = by, where

LIS

> a;; is a holonomic sequence
» that does not depend on n, and

> b, is a closed form (b, # 0 for all n).

|
_________________ |f ZG)CE)=6) \
an71 N an,n—l 1 an’n i, wnovoun_p‘”;r' 2

Laplace expansion:
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j=1



The Holonomic Ansatz
Problem: Prove a determinantal identity of

the form det (a; ;) = by, where

SULIS

> a;; is a holonomic sequence
» that does not depend on n, and

> b, is a closed form (b, # 0 for all n).

_________________ i% 6 (e
an71 an’n_l 1 an’n . } wHO:?I.:?D.:‘»( %

Laplace expansion:

n
0= Zai,jcn,j (1 <i< n)
j=1



The Holonomic Ansatz

Problem: Prove a determinantal identity of
the form det (a; ;) = by, where

SULIS

> a;; is a holonomic sequence
» that does not depend on n, and

> b, is a closed form (b, # 0 for all n).

an,1 te Gp n—1 1 An,n

Laplace expansion:

n
0= Zai,jcn,j (1 <1 < n),
j=1

| ;:(:)'(’:.‘.‘):(’:)'”
i; ,,‘..oyoggo A cawL

Cnn = 1




Recipe

1. Guess a set of recurrences (holonomic description) for the
normalized cofactors ¢y, ;.



Recipe

1. Guess a set of recurrences (holonomic description) for the
normalized cofactors ¢y, ;.

2. Use it to prove, via creative telescoping, the three identities

Con = 1 (1< n) (1)
Zai7jcn,j =0 (1 <1 < TZ) (2)
j=1
n b,
=1 "



Recipe

1. Guess a set of recurrences (holonomic description) for the
normalized cofactors ¢y, ;.

2. Use it to prove, via creative telescoping, the three identities

Cnn =1 (1< n) (1)
Zai7jcn,j =0 (1 <1< TZ) (2)
j=1
n b,
=1 "

Conjecture (Di Francesco's determinant for 20V configurations):

i4+25+1 — 1 B2l (45— 9)!
det [92 H_,]—i_ _(* ZQH#
0<i,j<n 2j+1 2j+1 o (n+2i—1)!

1



Recipe

1. Guess a set of recurrences (holonomic description) for the
normalized cofactors ¢y, ;.

2. Use it to prove, via creative telescoping, the three identities

Cnn =1 (1< n) (1)
Zai7jcn,j =0 (1 <1< TZ) (2)
j=1
n b,
=1 "

Theorem (Di Francesco's determinant for 20V configurations):

i4+25+1 — 1 B2l (45— 9)!
det [92 H_,]—i_ _(* ZQH#
0<i,j<n 2j+1 2j+1 o (n+2i—1)!

1



