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The SVD of a complex matrix 2/23

Let M € C™*"™ m >n, be a matrix.

We know that there exists two Stiefel matrices U € C™*¢ V1V € C™"* 4 and a diagonal matrix
Y e €% such that

U* M % R




References for this talk 3/23

A wonderfull paper on the applications of the SVD :

MARTIN, C. D., AND PORTER, M. A. The extraordinary svd. The American Mathematical Monthly
119, 10 (2012), 838-851.

The background of this talk comes from

1. Davies, P. I, AND SmiTH, M. |. Updating the singular value decomposition. Journal of
computational and applied mathematics 170, 1 (2004), 145-167.

2. JORIS VAN DER HOEVEN, AND JEAN-CLAUDE YAKOUBSOHN. Certified Singular Value Decom-
position, 2018, HAL 01941987.

3. RimA KHouJuA, BERNARD MOURRAIN AND JEAN-CLAUDE YAKOUBSOHN. Newton-type methods
for simultaneous matrix diagonalization. Calcolo, 2022, 59:38.



Notations 4/23

We denote

A = UMV-X
EU) = U'U—-1

We consider the system
E(U)
fU,V, %) = E(V)
UMV —%

We will use

A+ = UMV



Method of order p 5/23

A map f: E— F where E and F' are two Banach spaces define a method of order p + 1 if for
all convergent sequence xx+1 = f(x), k>0, one has

|2k — 2*|| < 27 PHD Lo — 2|

where x*is the limit of the sequence (z1),>0 and ¢ a positive constant.



Geometry of perturbations 6/23

In the Stiefel space we consider multiplicative perturbations such type :

1. U(I+Q) where W is an Hermitian matrix.
2. U(I + ©) where © is a skew Hermitian matrix.
3. U(I+9Q)(1+0)

In the space of diagonal matrices we consider the additive perturbations such type :

1. X4+ S5



Background for the construction of a method of order p+1

The ingredients are :

1. Approximation of the Stiefel group at the order p + 1. Find Q such that U; = (I + Q)U
verifies

IE(U)] = O(IEW)|IPT).
2. Computation of a triplet (X,Y,S) so that
Ay = I+X)A+X)I+Y)V-E-S
satisfies
ALl = O(|A]|PF1).
I+60)(I+Q)U

3. The map H(U,V,X)=| (I+ ¥)(I+ A)V | defines a method of order p+ 1.
X+ S



1. Newton's method is based on the cancellation of f(z)+ D f(x)(z — xq).
2. Here we cancel f(x)+ L(x)(z —xq) where L(x) is a part of D f(x).
3. There is no matrix to invert.

4. We perform only additions and multiplications of matrices.



Approximation of Stiefel group

EU+UQ) = EU)+29+QE{U)+EU)Q+Q2+QEU)

If Q=—T+ I+ EU))" 2 then E(U(I +Q))=0.

—1/2

Let us consider the truncated Taylor series of —1 + (1 +u) at u=0 at the order p :

sp(u) = —%u+%u2+---+(—1)pcpup with ¢, =

I 1:[ 29+ 1).

Theorem 1. Let p>1. Let Uy be such that ||E(Uy)|| <& < 1/2. Then the sequence

Uit1 = Ul + E(sp(Us))) i>0,

converges at the order p+ 1 to an Stiefel matrix U,.

See

Bjork Bowie AN ITERATIVE ALGORITHM FOR COMPUTING THE BEST ESTIMATE OF AN ORTHOGONAL MATRIX
SIAM J. NUMER. ANAL. Vol. 8, No. 2, June 1971



Cancellation of a part of the affine part of Ay

Let X*=—X and Y*=—Y and S=diag(A).

A = I+X)*(A+2)T+Y)—-2—S8

A—S—X¥Y¥4+3YXY - XA4+YA-X(A4+X)Y

Lemma 2. Let (X,Y,S5) such that A — S — X¥X 4+ XY =0.

1. Then (X,Y.S) is given by explicit formulas.

2. Sl <Al IXIL, Y| <k[[A]] where
1 1 1
= k(X)) = 1 — .
K:=kK(X) max( , m?xai, r?;?;((|0'i_0'j|+0'i+0'j))

3 J[Asll =0(|A]]®).




Solving A— S — XX +XY =0 11/23

Proposition 3. Let ¥ = diag(oy, ...0,) € D™*™ and A = (6;, ;) € C™*". Consider the
diagonal matrix S € R™*" and the two skew Hermitian matrices X = (x; ;) € C™*™ and
Y = (y;,;) € C"*"™ that are defined by the following formulas :

_ Imd;,; .

o For 1 <1< n, we take SZ',Z':RG 51',1' and Tii— Yii =

20;

e For 1<1<j<n, we take

o :_l(&d+&d%fhj_&d)j

2 O'j—O'Z' O'j—|—0'@'
18 =0i; 8ii—0i
yZ’J N 2 O'j—O'Z' O'j—f—O'Z' '

. . 1
o Forn+1<i<m and 1< j<n, we take x; j=—10; j
o

j
o Forn+1<i<mandn+1<j<m, we take z; ;=0.

Then we have

A-S-XYX+XY = 0.



The function c,(u) 12/23

We ned to generalize (1 —u)(1+u) —1=1u?

We remark that
(1—f—\/1—f—u2—u—1>(1—|— 1+u2+u—1) _ 1

Considering the function c¢,(u) the truncated Taylor series of \/1+u? +u —1 at u =0 at the
order p we have

(1 +cp(—u))(1+cp(u)) =1 = OuP™).
One has

|
@k o, Ll la 5

= 6.
AF(EN2(2k — 1) " TR TR T

o(u) = ut Sl



Iteration of the cancellation of linear part 13/23

Let X7, X5 two shew Hermitian matrices and Ay = (I 4+ co(X1))*(A+X)I+Y)—-X -5

Ay = (I4+ca(Xi+X2))"(A+X) T +c2(Y1+Ys)) — X — 51— 59
= A1 — 52— XoX +XYo + - +

Lemma 4. If A— S — X2 +2XY1=0and A1 — Sy — XX +XY5=0 one has

1Az < O(JIA[]%)

Now with p=2, X = X+ X5 and U; = (I,, + ¢,(X) )U then

El) = (I+cp(=X)EWU)I +cp(X)) + (I +cp(=X)) (T +cp(X)) =1
= (I +p(=X))EU) + cp(X)) + O(XPH)

Hence

order of ||E(U;)|| = min (orderof |E(U)||,p+1)



Method of order p 14/23

Let

Uld+Q,) I+0,)
U,V,%) — Hp(U,V,L)=| VUI+A)T+Y¥))
245

where :
1. Q,=5,(EU)) and A=s,(E(V)).
2. Op=cp(X1+ -+ Xg) and U =c, (Y1 + - + Y%), 1<k<p.

3. The X;'s and Y}'s are skew Hermitian matrices satisfying
Sk, = diag(Ay), Ap—Sy— X443V = 0,  1<k<p
where the AL's are defined as

Al = (I+2)(A+2)T+A,) -3

k—1
A = (I+605_1)(A+Z)T+T_1)-Z-> S, 2<k<p+1
k=1



Arithmetic complexity 15/23

The computation of H,(U, V', X) only requires matrix additions and multiplications without
resolution of linear systems. The following table gives the number of addittion and multiplica-
tions to evaluate H,(U,V ,%).

Em(U) | sp(Bm(D) | ep(X) | Ak — Sk — XpZ + Y4 | S A
ma%trix 1 . p »
additions
matrix 1 . p
multiplications
additions 10np (m+4n) p
multiplications (m—n+8)np (m+n)mnp

This implies 2(p*+ p+1)(m? +n?) + (m +14n)p additions
and 2 (p?+ p+1)(m>+n3) + (m?+mn +m —n + 8)np multiplications.



Quantities used for the convergence analysis

From ¥ :=diag(oy ..., 0¢) we define

1. K := K(Zo) = ImMnax; (1, ’UZ‘)

1 1 !
2. K: :H(Zo):ma}((l, maxim, maX@';&j(‘Ui_UA + |0i+0j| ))



Convergence analysis 17/23

Theorem 5. Let p>1 and M a complex matrix. From (Uy, Vo, X0), let us define the sequence
(Uit1, Vig1, %i41) =Hy(U;, Vi, 25), 20,

We consider the constants defined by

1 |p=2|p=3

up | 0.0289 | 0.046 | 0.0297

If
max ( k*K*||[E(Uo)|, K [E(Vo)ll, &*K*"H[|Ao|| ) < uo

then the sequence (U;, Vi, %;)i>0 converges to a solution (Us, Voo, X00) of SVD system with
an order of convergence equal to p+ 1.



Numerical verifification with random matrices

Our numerical experiments are done with the Julia Programming Language coupled with
the library ArbNumerics of Jeffrey Sarnoff.

To intialize our method we start with a triplet (Up, V5, 20) computed by the function svd of Julia.

We consider for 7 > 0 the quantities

REECG A,

;= max ( [, kKT [EMV)

K"zq' qu ||E(Uz)

We show the behaviour of e; = —{log 2(2—;)J
[terations /Order | 2 3 4 5 6 7
0 7 8 9 8 8 8
1 18 | 35 47 59 69 85
2 44 | 112 | 194 311 427 604
3 92 | 346 | 787 | 1571 | 2580 | 4353




How to proceed with clusters of singular values? 19/23

We determine an index ¢ such that :

Y
1. Yo= Dy S
0 0

2. (X)) K(E)* ™M Aol < uo

We then approximate the thin SVD associated to Xg ,.



Numerical experiment with the Cauchy’s matrix 20/23
1
M=) .
1 TI1/1<i,j<n
2

—2k
Lemma 6. 01+k<4eXp(m> 01

B. Beckermann, A. Townsend, On the singular values of matrices with displacement structure,
SIAM Journal on Matrix Analysis and Applications Vol. 38, 4, 2017.

The table gives the value of ¢ with respect n and p+ 1.

p+1=2| n=2:
p+1=>3|n=

q="17 n=10:16,q=8 | n=17:30,q=9 |n=34:40,q=10
q=10{n=13:19,g=11|n=20:29,9g=12 | n=30:40,q =13




Remark on Davies-Smith paper 21/23

u(1+X1+X2+§X%)
(U, V,2) - DS(U,V,%)= V(I+Y1+Y2+%Y12>

Z+S1+52

where

XiXY-YXY1+5 = A =A=U*MV -%
XL -SY3+5 = Agi=—2X1(A+8) +2(A+8)Y

Ud+Q,) (I+X1 +X2+%(X1 +X2)2)

This differs from the map Ho(U,V , %) = V(I+Ap)<I+Y1+Y2+%(Y1+Y2)2)
2+51+5



Precise result on Davies Smith perturbation 22/23

U(1+ X1+ Xo+5X7) U,
Remember DS(U,V, %) = V(I+Y1+Y2+%Y12) =| Vi
Z+Sl+52 Zl
B U (I+ X1+ Xp +5(X1 +X5)?) Oh
Let us define DS(U,V, %) = V<I+Y1+Y2+%(Y1—|—Y2)2> = ‘i/l
>+S51+5, 1

Theorem 7.

1. If k3/2K?2/5 ||A|| < € <0.1 then
UMV, — 2] < (8 +18e + 33e2)e’.
2. If k8/PK3/10 ¢, < e£<0.1 then

UMV, — 24| < (6+21e+ 54€?)e3




23/23

Thanks for your attention



