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<latexit sha1_base64="brnkEbMlnPYnEaFa2Ey9q8xZVRk=">AAACDnicbVA9SwNBEN3zM8avqKXNYghYhTtRFCvRJmUC+YIkhL3NXLJk7/bYnRPDkV9g41+xsVDE1trOf+Pmo9DEBwOP92aYmefHUhh03W9nZXVtfWMzs5Xd3tnd288dHNaNSjSHGldS6abPDEgRQQ0FSmjGGljoS2j4w7uJ37gHbYSKqjiKoROyfiQCwRlaqZsrtENfPaRthAf0g7SSgJkYVAW0OgBasnuux+NuLu8W3SnoMvHmJE/mKHdzX+2e4kkIEXLJjGl5boydlGkUXMI4204MxIwPWR9alkYsBNNJp++MacEqPRoobStCOlV/T6QsNGYU+rYzZDgwi95E/M9rJRhcdVIRxQlCxGeLgkRSVHSSDe0JDRzlyBLGtbC3Uj5gmnG0CWZtCN7iy8ukflb0Lopu5Tx/czuPI0OOyQk5JR65JDekRMqkRjh5JM/klbw5T86L8+58zFpXnPnMEfkD5/MH0oyckg==</latexit>

Question of The Hour:

<latexit sha1_base64="TFHxbRmQ0vqD3tShRh2EYP+k+Js="></latexit>

The pair
�
`1⌫ , k · k⌫

�
is a Banach space.

<latexit sha1_base64="VDpCM6W7pxadCRT61kWwbPeC3Rs=">AAACInicbVBNSwMxEM36bf2qevQSLKKnsiuKeit68ahgVWhLnU2nbTCbLMmsWJb+Fi/+FS8eFPUk+GNMaw9+PRh4vDeTzLw4VdJRGL4HY+MTk1PTM7OFufmFxaXi8sq5M5kVWBVGGXsZg0MlNVZJksLL1CIkscKL+Ppo4F/coHXS6DPqpdhIoKNlWwogLzWLB/UkNre5MNrJFlpOXeSHoEF0OagOxhb41ZWS5B/mqBTXGTcaNzd5v1ksheVwCP6XRCNSYiOcNIuv9ZYRWYKahALnalGYUiMHS1Io7BfqmcMUxDV0sOaphgRdIx+e2OcbXmnxtrG+NPGh+n0ih8S5XhL7zgSo6357A/E/r5ZRe7+RS51mhFp8fdTOFCfDB3nxlrQoSPU8AWGl35WLLlgQ5FMt+BCi3yf/Jefb5Wi3HJ7ulCqHozhm2BpbZ1ssYnuswo7ZCasywe7YA3tiz8F98Bi8BG9frWPBaGaV/UDw8Ql/NKOU</latexit>

consider the Banach algebra “little ell nu one”

<latexit sha1_base64="rj3R1iT0ieEnlk4bqnYc8Tn8Ke4=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOOsmQeawzs9Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruimDNjff/by62srq1v5DcLW9s7u3vF/YO6UYmmUKOKK92MiAHOJNQssxyasQYiIg6NaHgz9Rsj0IYpeW/HMYSC9CXrMUqsk8K2iNRT+jgADXjSKZb8sj8DXiZBRkooQ7VT/Gp3FU0ESEs5MaYV+LENU6ItoxwmhXZiICZ0SPrQclQSASZMZ0dP8IlTurintCtp8Uz9PZESYcxYRK5TEDswi95U/M9rJbZ3FaZMxokFSeeLegnHVuFpArjLNFDLx44Qqpm7FdMB0YRal1PBhRAsvrxM6mfl4KLs352XKtdZHHl0hI7RKQrQJaqgW1RFNUTRA3pGr+jNG3kv3rv3MW/NednMIfoD7/MHCoaSRQ==</latexit>

where

<latexit sha1_base64="By8vf3xktxhJo0BsLRAmcBjsgd0=">AAACI3icbVBNS8MwGE79nPOr6tFLcAheHK0oiiAMvXic4D5g7UqapVtYmpYkFUrX/+LFv+LFgzK8ePC/mG096OYDyfvwvM9L8j5+zKhUlvVlLC2vrK6tlzbKm1vbO7vm3n5TRonApIEjFom2jyRhlJOGooqRdiwICn1GWv7wbtJvPREhacQfVRoTN0R9TgOKkdKSZ147I4ickefwBMIbCB2ZhF7GNT11KA9UmndnFWqfx/Wtnd1sxEe5Z1asqjUFXCR2QSqgQN0zx04vwklIuMIMSdmxrVi5GRKKYkbyspNIEiM8RH3S0ZSjkEg3m+6Yw2Ot9GAQCX24glP190SGQinT0NfOEKmBnO9NxP96nUQFV25GeZwowvHsoSBhUEVwEhjsUUGwYqkmCAuq/wrxAAmElY61rEOw51deJM2zqn1RtR7OK7XbIo4SOARH4ATY4BLUwD2ogwbA4Bm8gnfwYbwYb8bY+JxZl4xi5gD8gfH9A412o6o=</latexit>

kak⌫ =
1X

n=�1
|an|⌫|n| <latexit sha1_base64="7Gamkn70wrV1xPGcY/FOOie5qzA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoicpevFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8NJME/YgOJQ85o8ZK7Z5MyQ3x+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/Nzp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms9/JgCtkRkwsoUxxeythI6ooMzahkg3BW355lbQuql6t6j5cVuq3eRxFOIFTOAcPrqAO99CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QMDM46y</latexit>

⌫ > 1

<latexit sha1_base64="Zkhb0EF5THKbYDWPcJsDBt0qLZw="></latexit>

`1⌫ = {a = {an}n2Z : an 2 C and kak⌫ < 1}

<latexit sha1_base64="44ynb1R2M7ia6ryLzuZ2xtXHzeA=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegFw8eIpgHJEuYncwmQ+axzPSKYclnePGgiFe/xpt/4yTZgyYWNBRV3XR3RYngFnz/2yusrK6tbxQ3S1vbO7t75f2DptWpoaxBtdCmHRHLBFesARwEayeGERkJ1opGN1O/9ciM5Vo9wDhhoSQDxWNOCTip05WRfsruGOBJr1zxq/4MeJkEOamgHPVe+avb1zSVTAEVxNpO4CcQZsQAp4JNSt3UsoTQERmwjqOKSGbDbHbyBJ84pY9jbVwpwDP190RGpLVjGblOSWBoF72p+J/XSSG+CjOukhSYovNFcSowaDz9H/e5YRTE2BFCDXe3YjokhlBwKZVcCMHiy8ukeVYNLqr+/Xmldp3HUURH6BidogBdohq6RXXUQBRp9Ixe0ZsH3ov37n3MWwtePnOI/sD7/AFBRZE7</latexit>

Let
<latexit sha1_base64="FDjhD25Hl551dSk1xvwT48NFVMw="></latexit>

S⇢ = {z 2 Z : imag(z) < ⇢}

<latexit sha1_base64="gWM+dts9JiJOM6v5S8ZYdI02kYU=">AAACH3icbVDJSgNBFOxxN25Rj14ag6CXMCNux6AXjwpGhSSEnp6XpLGXoftNNAz5Ey/+ihcPioi3/I2d5eBW0FBUveL1qziVwmEYDoKp6ZnZufmFxcLS8srqWnF949qZzHKociONvY2ZAyk0VFGghNvUAlOxhJv47mzo33TBOmH0FfZSaCjW1qIlOEMvNYtHdRWbh3y3LbpCt2mWUmcUUIdWpPReJNihscl04mgCVnR9qgtur98slsJyOAL9S6IJKZEJLprFz3pieKZAI5fMuVoUptjImUXBJfQL9cxByvgda0PNU80UuEY+uq9Pd7yS0Jax/mmkI/V7ImfKuZ6K/aRi2HG/vaH4n1fLsHXSyIVOMwTNx4tamaRo6LAsmggLHGXPE8at8H+lvMMs4+grLfgSot8n/yXX++XosBxeHpQqp5M6FsgW2Sa7JCLHpELOyQWpEk4eyTN5JW/BU/ASvAcf49GpYJLZJD8QDL4A7Eujhg==</latexit>

(giving up some strip width bounds derivatives)

<latexit sha1_base64="ZUkR+WVPR25rpEViRjZMsbj5FHs=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF48R8oLsEmYnnWTIPJaZWTEs+Q0vHhTx6s9482+cJHvQxIKGoqqb7q444cxY3//2CmvrG5tbxe3Szu7e/kH58KhlVKopNKniSndiYoAzCU3LLIdOooGImEM7Ht/N/PYjaMOUbNhJApEgQ8kGjBLrpDAUsXrKGiOQeNorV/yqPwdeJUFOKihHvVf+CvuKpgKkpZwY0w38xEYZ0ZZRDtNSmBpICB2TIXQdlUSAibL5zVN85pQ+HijtSlo8V39PZEQYMxGx6xTEjsyyNxP/87qpHdxEGZNJakHSxaJByrFVeBYA7jMN1PKJI4Rq5m7FdEQ0odbFVHIhBMsvr5LWRTW4qvoPl5XabR5HEZ2gU3SOAnSNauge1VETUZSgZ/SK3rzUe/HevY9Fa8HLZ47RH3ifPwuJka8=</latexit>

Then
<latexit sha1_base64="Ms91/PNd3As9Mo+XBTiDtMUOGdo=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAhiEXZF0TJoYxnBPCC7LrOTSTJkHsvMrBqW1Db+io2FIrZ+gZ1/4yTZQhMPXDiccy/33hMnjGrjed/O3PzC4tJyYaW4ura+selubde1TBUmNSyZVM0YacKoIDVDDSPNRBHEY0Yacf9y5DfuiNJUihszSEjIUVfQDsXIWCly99ARjGFABQwIY1Eg0lsfBjyWDxm8p6YHh5Fb8sreGHCW+DkpgRzVyP0K2hKnnAiDGdK65XuJCTOkDMWMDItBqkmCcB91SctSgTjRYTZ+ZQgPrNKGHalsCQPH6u+JDHGtBzy2nRyZnp72RuJ/Xis1nfMwoyJJDRF4sqiTMmgkHOUC21QRbNjAEoQVtbdC3EMKYWPTK9oQ/OmXZ0n9uOyflr3rk1LlIo+jAHbBPjgEPjgDFXAFqqAGMHgEz+AVvDlPzovz7nxMWuecfGYH/IHz+QNJrpll</latexit>

a ⇤ b 2 `1⌫ with

<latexit sha1_base64="je2PldOp/VkCq3lDoZBHIMQkQak=">AAACF3icbZBNS8MwGMdTX+d8q3r0EhyCiJRWFD0OvXic4F5gLSXN0i0sTWuSCqPbt/DiV/HiQRGvevPbmG5VdPOBwD+///OQPP8gYVQq2/405uYXFpeWSyvl1bX1jU1za7sh41RgUscxi0UrQJIwykldUcVIKxEERQEjzaB/mfvNOyIkjfmNGiTEi1CX05BipDTyTcsdQnQIA+gOfZen0GXkFubsBxzl12/fNyu2ZY8LzgqnEBVQVM03P9xOjNOIcIUZkrLt2InyMiQUxYyMym4qSYJwH3VJW0uOIiK9bLzXCO5r0oFhLPThCo7p74kMRVIOokB3Rkj15LSXw/+8dqrCcy+jPEkV4XjyUJgyqGKYhwQ7VBCs2EALhAXVf4W4hwTCSkdZ1iE40yvPisax5Zxa9vVJpXpRxFECu2APHAAHnIEquAI1UAcY3INH8AxejAfjyXg13iatc0YxswP+lPH+BWzinZs=</latexit>

ka ⇤ bk⌫  kak⌫ kbk⌫
<latexit sha1_base64="OSlP4sKfMSYCK/6NYqZiUHNWzzk="></latexit>

That is, the triple (`1⌫ , k · k⌫ , ⇤) is a Banach Algebra.

<latexit sha1_base64="08ya0BVm34bmA5FzaEzxfjg6ywc="></latexit>

Banach spaces of infinite sequences are convenient for computer assisted arguments.

<latexit sha1_base64="45KpLZvh1/r7ojHZZUGjSrfY6Cw=">AAACFnicbVDLSsNAFJ34rPVVdelmsAhVaElE0Y1QdOOygn1gE8LMdNIOmUzCzEQoIV/hxl9x40IRt+LOv3H6WGjrgQuHc+7l3ntwwpnStv1tLSwuLa+sFtaK6xubW9ulnd2WilNJaJPEPJYdjBTlTNCmZprTTiIpijCnbRxej/z2A5WKxeJODxPqRagvWMAI0kbyS9UKOsZHvoCX0FVp5GchdJmAboT0AOPsPs8h8jNRDXOI/dAvle2aPQacJ86UlMEUDb/05fZikkZUaMKRUl3HTrSXIakZ4TQvuqmiCSIh6tOuoQJFVHnZ+K0cHhqlB4NYmhIajtXfExmKlBpG2HSOzlWz3kj8z+umOrjwMiaSVFNBJouClEMdw1FGsMckJZoPDUFEMnMrJAMkEdEmyaIJwZl9eZ60TmrOWc2+PS3Xr6ZxFMA+OAAV4IBzUAc3oAGagIBH8AxewZv1ZL1Y79bHpHXBms7sgT+wPn8AIeSeJQ==</latexit>

(a ⇤ b)n =
X

k2Z
an�kbk

<latexit sha1_base64="gxmb++DXd1Kj+O7r1pc8Ci20qdo="></latexit>

For a, b 2 `1⌫ define their discrete convolution a ⇤ b by

<latexit sha1_base64="zmV5AAEft/rvp3ygnLc0k+lszQg=">AAACFnicbZDLSgMxFIYz3q23qks3wSK4scyIosuiG5cK9gLtUDLpGRvMJENyRi1Dn8KNr+LGhSJuxZ1vY9rOwtsPgY//nJPk/FEqhUXf//Smpmdm5+YXFktLyyura+X1jYbVmeFQ51pq04qYBSkU1FGghFZqgCWRhGZ0fTqqN2/AWKHVJQ5SCBN2pUQsOENndct7nSTSdznXEDtTgEJLdUyxDzTVQuGtsI6M7mUcq8NuueJX/bHoXwgKqJBC593yR6eneZa4e7lk1rYDP8UwZwYFlzAsdTILKePX7AraDhVLwIb5eK0h3XFOj8bauKOQjt3vEzlLrB0kketMGPbt79rI/K/WzjA+DnOh0gxB8clDcSYpajrKiPaEAY5y4IBxI9xfKe8zwzi6JEsuhOD3yn+hsV8NDqv+xUGldlLEsUC2yDbZJQE5IjVyRs5JnXByTx7JM3nxHrwn79V7m7ROecXMJvkh7/0LUG+gFA==</latexit>

coe�cients of the pointwise product.

<latexit sha1_base64="AZZubwS2PjGc4oSzFCzCQscEWqY=">AAACJXicbVDLSgNBEJz1GeMr6tHLYBA8hV1R9OBBFMSjgolCEsLspDcZnMcy0yuGJT/jxV/x4sEggid/xcnjoNGCgeqqbnq64lQKh2H4GczMzs0vLBaWissrq2vrpY3NmjOZ5VDlRhp7FzMHUmiookAJd6kFpmIJt/H9+dC/fQDrhNE32EuhqVhHi0Rwhl5qlU4aKjaP+U0XKIJVjpqEoi/awnELCJQb/WBkNuymzMLIvPDbBdh+q1QOK+EI9C+JJqRMJrhqlQaNtuGZAo1cMufqUZhiM2cWBZfQLzYyBynj96wDdU81U+Ca+ejKPt31SpsmxvqnkY7UnxM5U871VOw7FcOum/aG4n9ePcPkuJkLnWYImo8XJZmkaOgwMp+FBY6y5wnjVvi/Ut5llnGfmCv6EKLpk/+S2n4lOqyE1wfl07NJHAWyTXbIHonIETkll+SKVAknT+SFvJFB8By8Bu/Bx7h1JpjMbJFfCL6+AXfRpds=</latexit>

The terms of the discrete convolution are the Fourier

<latexit sha1_base64="MzCnlA8qqqvKhPN6aKmhDsTJc/8="></latexit>

is analytic on Slog(⌫), continuous on its closure, and 2⇡ periodic in the real part.
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<latexit sha1_base64="brnkEbMlnPYnEaFa2Ey9q8xZVRk=">AAACDnicbVA9SwNBEN3zM8avqKXNYghYhTtRFCvRJmUC+YIkhL3NXLJk7/bYnRPDkV9g41+xsVDE1trOf+Pmo9DEBwOP92aYmefHUhh03W9nZXVtfWMzs5Xd3tnd288dHNaNSjSHGldS6abPDEgRQQ0FSmjGGljoS2j4w7uJ37gHbYSKqjiKoROyfiQCwRlaqZsrtENfPaRthAf0g7SSgJkYVAW0OgBasnuux+NuLu8W3SnoMvHmJE/mKHdzX+2e4kkIEXLJjGl5boydlGkUXMI4204MxIwPWR9alkYsBNNJp++MacEqPRoobStCOlV/T6QsNGYU+rYzZDgwi95E/M9rJRhcdVIRxQlCxGeLgkRSVHSSDe0JDRzlyBLGtbC3Uj5gmnG0CWZtCN7iy8ukflb0Lopu5Tx/czuPI0OOyQk5JR65JDekRMqkRjh5JM/klbw5T86L8+58zFpXnPnMEfkD5/MH0oyckg==</latexit>

Question of The Hour:

<latexit sha1_base64="VDpCM6W7pxadCRT61kWwbPeC3Rs=">AAACInicbVBNSwMxEM36bf2qevQSLKKnsiuKeit68ahgVWhLnU2nbTCbLMmsWJb+Fi/+FS8eFPUk+GNMaw9+PRh4vDeTzLw4VdJRGL4HY+MTk1PTM7OFufmFxaXi8sq5M5kVWBVGGXsZg0MlNVZJksLL1CIkscKL+Ppo4F/coHXS6DPqpdhIoKNlWwogLzWLB/UkNre5MNrJFlpOXeSHoEF0OagOxhb41ZWS5B/mqBTXGTcaNzd5v1ksheVwCP6XRCNSYiOcNIuv9ZYRWYKahALnalGYUiMHS1Io7BfqmcMUxDV0sOaphgRdIx+e2OcbXmnxtrG+NPGh+n0ih8S5XhL7zgSo6357A/E/r5ZRe7+RS51mhFp8fdTOFCfDB3nxlrQoSPU8AWGl35WLLlgQ5FMt+BCi3yf/Jefb5Wi3HJ7ulCqHozhm2BpbZ1ssYnuswo7ZCasywe7YA3tiz8F98Bi8BG9frWPBaGaV/UDw8Ql/NKOU</latexit>

consider the Banach algebra “little ell nu one”

<latexit sha1_base64="rj3R1iT0ieEnlk4bqnYc8Tn8Ke4=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOOsmQeawzs9Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruimDNjff/by62srq1v5DcLW9s7u3vF/YO6UYmmUKOKK92MiAHOJNQssxyasQYiIg6NaHgz9Rsj0IYpeW/HMYSC9CXrMUqsk8K2iNRT+jgADXjSKZb8sj8DXiZBRkooQ7VT/Gp3FU0ESEs5MaYV+LENU6ItoxwmhXZiICZ0SPrQclQSASZMZ0dP8IlTurintCtp8Uz9PZESYcxYRK5TEDswi95U/M9rJbZ3FaZMxokFSeeLegnHVuFpArjLNFDLx44Qqpm7FdMB0YRal1PBhRAsvrxM6mfl4KLs352XKtdZHHl0hI7RKQrQJaqgW1RFNUTRA3pGr+jNG3kv3rv3MW/NednMIfoD7/MHCoaSRQ==</latexit>

where

<latexit sha1_base64="By8vf3xktxhJo0BsLRAmcBjsgd0=">AAACI3icbVBNS8MwGE79nPOr6tFLcAheHK0oiiAMvXic4D5g7UqapVtYmpYkFUrX/+LFv+LFgzK8ePC/mG096OYDyfvwvM9L8j5+zKhUlvVlLC2vrK6tlzbKm1vbO7vm3n5TRonApIEjFom2jyRhlJOGooqRdiwICn1GWv7wbtJvPREhacQfVRoTN0R9TgOKkdKSZ147I4ickefwBMIbCB2ZhF7GNT11KA9UmndnFWqfx/Wtnd1sxEe5Z1asqjUFXCR2QSqgQN0zx04vwklIuMIMSdmxrVi5GRKKYkbyspNIEiM8RH3S0ZSjkEg3m+6Yw2Ot9GAQCX24glP190SGQinT0NfOEKmBnO9NxP96nUQFV25GeZwowvHsoSBhUEVwEhjsUUGwYqkmCAuq/wrxAAmElY61rEOw51deJM2zqn1RtR7OK7XbIo4SOARH4ATY4BLUwD2ogwbA4Bm8gnfwYbwYb8bY+JxZl4xi5gD8gfH9A412o6o=</latexit>

kak⌫ =
1X

n=�1
|an|⌫|n| <latexit sha1_base64="7Gamkn70wrV1xPGcY/FOOie5qzA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoicpevFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8NJME/YgOJQ85o8ZK7Z5MyQ3x+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/Nzp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms9/JgCtkRkwsoUxxeythI6ooMzahkg3BW355lbQuql6t6j5cVuq3eRxFOIFTOAcPrqAO99CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QMDM46y</latexit>

⌫ > 1

<latexit sha1_base64="Zkhb0EF5THKbYDWPcJsDBt0qLZw="></latexit>

`1⌫ = {a = {an}n2Z : an 2 C and kak⌫ < 1}

<latexit sha1_base64="ipNs3bK3s5r6pAAZB1Rp9GoZPCY="></latexit>

Let f : C ! C be an analytic function.

<latexit sha1_base64="AGfyfi+NLs2lg3KCtlLYlVT1U/g="></latexit>

That is, the sequence F (a) = b = {bn}n2Z is defined by

<latexit sha1_base64="82JrLJts1z3v0tFs2I0GnExs+zY="></latexit>

bn =
1

2⇡i

Z 2⇡

0
f(u(✓)) e�in✓ d✓

<latexit sha1_base64="rU006/pDLbffAjBlRnqnjRvgKFQ="></latexit>

=
1

2⇡i

Z 2⇡

0
f

 
X

k2Z
ake

ik✓

!
e�in✓ d✓

<latexit sha1_base64="w/dMOMBHGYAohtzBsQx7a7dOfhQ="></latexit>

We are interested in the function F : `1⌫ ! `1⌫

<latexit sha1_base64="hRVSUuCsPUIEFIvTJYxXIFzkLtc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDiJeyKohchKIjHCOYBSQizk95kyOzsOjMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPd5ceCa+O6387S8srq2npuI7+5tb2zW9jbr+soUQxrLBKRavpUo+ASa4Ybgc1YIQ19gQ1/eDPxG0+oNI/kgxnF2AlpX/KAM2qs1Lwt0RNyRfxuoeiW3SnIIvEyUoQM1W7hq92LWBKiNExQrVueG5tOSpXhTOA43040xpQNaR9blkoaou6k03vH5NgqPRJEypY0ZKr+nkhpqPUo9G1nSM1Az3sT8T+vlZjgspNyGScGJZstChJBTEQmz5MeV8iMGFlCmeL2VsIGVFFmbER5G4I3//IiqZ+WvfOye39WrFxnceTgEI6gBB5cQAXuoAo1YCDgGV7hzXl0Xpx352PWuuRkMwfwB87nDwSGjqU=</latexit>

F (a) = b

<latexit sha1_base64="IjzpT7rc9rzovEKWUXChUYHAeJA=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJqUoQCBakChbGItGHaKLIdp3WquNEtoNURRlZ+BUWBhBi5RPY+BucNgMUjmTr6Jx7de89OOFMacf5sioLi0vLK9XV2tr6xuaWvb3TUXEqCW2TmMeyh5GinAna1kxz2kskRRHmtIvHV4XfvadSsVjc6klC/QgNBQsZQdpIgb2P4QX0MogDAb08yMzPhBchPcI4u8vzwK47DWcK+Je4JamDEq3A/vQGMUkjKjThSKm+6yTaz5DUjHCa17xU0QSRMRrSvqECRVT52fSQHB4aZQDDWJonNJyqPzsyFCk1ibCpLFZU814h/uf1Ux2e+xkTSaqpILNBYcqhjmGRChwwSYnmE0MQkczsCskISUS0ya5mQnDnT/5LOscN97Th3JzUm5dlHFWwBw7AEXDBGWiCa9ACbUDAA3gCL+DVerSerTfrfVZascqeXfAL1sc3kseZFw==</latexit>

b = {bn}n2Z
<latexit sha1_base64="OpVeTn/6zeboPtMrOEkGxSh7/Tg=">AAACHHicbVDLSgMxFM34rPU16tJNsAiuyowPdFkUxGUF+4B2KJn0ThuaSYYkI5ahH+LGX3HjQhE3LgT/xrSdhbYeCBzOuY/cEyacaeN5387C4tLyymphrbi+sbm17e7s1rVMFYUalVyqZkg0cCagZpjh0EwUkDjk0AgHV2O/cQ9KMynuzDCBICY9wSJGibFSxz1px6F8yIgCbPqAr+1cBgpTCZEtYiCMxjKaeFEq6Lhp1HFLXtmbAM8TPycllKPacT/bXUnT2E6jnGjd8r3EBHapYZTDqNhONSSEDkgPWpYKEoMOsslxI3xolS6OpLJPGDxRf3dkJNZ6GIe2Miamr2e9sfif10pNdBFkTCSpAUGni6KUYyPxOCncZQqo4UNLCFXM/hXTPlGEGptn0Ybgz548T+rHZf+s7N2eliqXeRwFtI8O0BHy0TmqoBtURTVE0SN6Rq/ozXlyXpx352NauuDkPXvoD5yvH3Xuojo=</latexit>

are the Fourier coe�cients of the function

<latexit sha1_base64="oJk2WLausWZoTO1OI6oi2pciUYY=">AAACF3icbVDLSgMxFM3UV62vUZdugkVoN2VGFN0IRTcuK9gHtnXIpJk2NMkMSUZoh/kLN/6KGxeKuNWdf2Om7UJbL1w4nHMv957jR4wq7TjfVm5peWV1Lb9e2Njc2t6xd/caKowlJnUcslC2fKQIo4LUNdWMtCJJEPcZafrDq0xvPhCpaChu9SgiXY76ggYUI20oz64Epbg0LpfhBeyomHuJgB1qmiM98P3kLk2h7wlI7hPDjlPPLjoVZ1JwEbgzUASzqnn2V6cX4pgToTFDSrVdJ9LdBElNMSNpoRMrEiE8RH3SNlAgTlQ3mfhK4ZFhejAIpWmh4YT9vZEgrtSI+2Yy+1fNaxn5n9aOdXDeNY6iWBOBp4eCmEEdwiwk2KOSYM1GBiAsqfkV4gGSCGsTZcGE4M5bXgSN44p7WnFuTorVy1kceXAADkEJuOAMVME1qIE6wOARPINX8GY9WS/Wu/UxHc1Zs5198Keszx/mLp6P</latexit>

f(u(z)) =
X

n2Z
bne

inz

<latexit sha1_base64="zw97k0iucZLYqrbyki8oNrUMkY8=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUlE0WXRjcsK9gFtKJPJTTt0kgkzEzGEght/xY0LRdz6E+78G6dtFtp6YOBwzn3MPX7CmdKO822VlpZXVtfK65WNza3tHXt3r6VEKik0qeBCdnyigLMYmpppDp1EAol8Dm1/dD3x2/cgFRPxnc4S8CIyiFnIKNFG6tsHvcgXD3kAoRkQYD/DeghYphzGfbvq1Jwp8CJxC1JFBRp9+6sXCJpGEGvKiVJd10m0lxOpGTXzKr1UQULoiAyga2hMIlBePr1hjI+NEuBQSPNijafq746cREplkW8qI6KHat6biP953VSHl17O4iTVENPZojDlWAs8CQQHTALVPDOEUMnMXzEdEkmoNrFVTAju/MmLpHVac89rzu1ZtX5VxFFGh+gInSAXXaA6ukEN1EQUPaJn9IrerCfrxXq3PmalJavo2Ud/YH3+AAODl8A=</latexit>

defined by the rule

<latexit sha1_base64="sKPcBbfaa/ISFDKNsisi4MPDIlY=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJVEFD0WvXisYGuhDWWz2bRLN7thdyOWUPCvePGgiFd/hzf/jds2B219MPB4b4aZeWHKmTae9+2UlpZXVtfK65WNza3tHXd3r6VlpghtEsmlaodYU84EbRpmOG2niuIk5PQ+HF5P/PsHqjST4s6MUhokuC9YzAg2Vuq5B90klI85ixEWEZKCjxCLxz236tW8KdAi8QtShQKNnvvVjSTJEioM4Vjrju+lJsixMoxwOq50M01TTIa4TzuWCpxQHeTT88fo2CoRiqWyJQyaqr8ncpxoPUpC25lgM9Dz3kT8z+tkJr4McibSzFBBZovijCMj0SQLFDFFibEvRwwTxeytiAywwsTYxCo2BH/+5UXSOq355zXv9qxavyriKMMhHMEJ+HABdbiBBjSBQA7P8ApvzpPz4rw7H7PWklPM7MMfOJ8/+paVfg==</latexit>

if and only if

<latexit sha1_base64="N4LQanIxlEitTgzTZ25Z2KP3nUg="></latexit>

Note: if f is polynomial then F (a) is easily expressed in
<latexit sha1_base64="M25zJZy4y8Dcp9tETASTkI37Daw=">AAACEHicbVC7SgNBFJ31GeMramkzGESrsCuKlkEbywjmAUkIs5O7yZB5LDOzwbDkE2z8FRsLRWwt7fwbZ5MUmnhg4HDOudy5J4w5M9b3v72l5ZXVtfXcRn5za3tnt7C3XzMq0RSqVHGlGyExwJmEqmWWQyPWQETIoR4ObjK/PgRtmJL3dhRDW5CeZBGjxDqpUzhpiVA9pBa0MFhFuMsM1WABUyWHiidZypTwuFMo+iV/ArxIghkpohkqncJXq6toIkBayokxzcCPbTsl2jLKYZxvJQZiQgekB01HJRFg2unkoDE+dkoXR0q7Jy2eqL8nUiKMGYnQJQWxfTPvZeJ/XjOx0VU7ZTJOLEg6XRQlHFuFs3bc+Rqo5SNHCNXM/RXTPtGEuoJM3pUQzJ+8SGpnpeCi5N+dF8vXszpy6BAdoVMUoEtURreogqqIokf0jF7Rm/fkvXjv3sc0uuTNZg7QH3ifP20tnXM=</latexit>

terms of discrete convolutions.

<latexit sha1_base64="Odzg0WuHzC+sC89iS+VcZsUPRKE=">AAACE3icbVC7TsNAEDzzDOEVoKQ5ESEhCstGICgj0lAGKS8piaLzeZ2ccj5bd+cIy8o/0PArNBQgREtDx99wSVxAwlSjmVnt7ngxZ0o7zre1srq2vrFZ2Cpu7+zu7ZcODpsqSiSFBo14JNseUcCZgIZmmkM7lkBCj0PLG1WnfmsMUrFI1HUaQy8kA8ECRok2Ur903g296CGrk9QksQLJQGEifFwdgpeqIYxz0Z70S2XHdmbAy8TNSRnlqPVLX10/okkIQlNOlOq4Tqx7GZGaUQ6TYjdREBM6IgPoGCpICKqXzX6a4FOj+DgwRwWR0Him/p7ISKhUGnomGRI9VIveVPzP6yQ6uOllTMSJBkHni4KEYx3haUHYZxKo5qkhhEpmbsV0SCSh2tRYNCW4iy8vk+aF7V7Zzv1luXKb11FAx+gEnSEXXaMKukM11EAUPaJn9IrerCfrxXq3PubRFSufOUJ/YH3+AFfmnnA=</latexit>

Taylor series and Chebyshev series.
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<latexit sha1_base64="3Iy3HR8KsldRtQWQm19H4V3Y4ys=">AAACEXicbVA7SwNBGNzzGeMrammzGASrcCeKYiU+QCsjGBNIjvDdZk+X7OPY3RPDkb9g41+xsVDE1s7Of+MmXqGJUw0z3/AxEyWcGev7X97E5NT0zGxhrji/sLi0XFpZvTYq1YTWiOJKNyIwlDNJa5ZZThuJpiAiTutR93jg1++oNkzJK9tLaCjgRrKYEbBOape2WiJS99m5ZJYBx3fAU4oTrVxe4FhpDBJfnJwe9Nulsl/xh8DjJMhJGeWotkufrY4iqaDSEg7GNAM/sWEG2jLCab/YSg1NgHThhjYdlSCoCbNhoz7edEpn+D9W0uKh+juRgTCmJyJ3KcDemlFvIP7nNVMb74cZk0lqqSQ/j+KUY6vwYB7cYZoSy3uOANFuFILJLWgg1o1YdCMEo5XHyfV2Jdit+Jc75cOjfI4CWkcbaAsFaA8dojNURTVE0AN6Qi/o1Xv0nr037/3ndMLLM2voD7yPb7nbnOk=</latexit>

Initial value problem for an ODE:
<latexit sha1_base64="3EIVLUkbR5t+mZH4cZu3AjzquAw=">AAACMHicbVDLSsNAFJ3UV62vqEs3g0VoNyURRTdC0YUuq9gHNLFMppN26GQSZyZiCf0kN36KbhQUcetXOGmzsK0XZjiccy/33ONFjEplWe9GbmFxaXklv1pYW9/Y3DK3dxoyjAUmdRyyULQ8JAmjnNQVVYy0IkFQ4DHS9AYXqd58IELSkN+qYUTcAPU49SlGSlMd8/KxpMrwDPqlFJShcx+j7tTvQyddw6ETINX3vORmdKc1FU4RHbNoVaxxwXlgZ6AIsqp1zBenG+I4IFxhhqRs21ak3AQJRTEjo4ITSxIhPEA90taQo4BINxkfPIIHmtHOQqEfV3DM/p1IUCDlMPB0Z+pRzmop+Z/WjpV/6iaUR7EiHE8W+TGD+to0PdilgmDFhhogLKj2CnEfCYSVzrigQ7BnT54HjcOKfVyxro+K1fMsjjzYA/ugBGxwAqrgCtRAHWDwBF7BB/g0no0348v4nrTmjGxmF0yV8fMLMgqoAA==</latexit>

x(t) = f(x(t)) f : Rd ! Rd

<latexit sha1_base64="DXBHGbJF+Ev5v+zq6wxf0YN6RZo=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyURRTdC0Y3LKvYBTQyTyaQdOpmEmYm0hC7c+CtuXCji1o9w5984abvQ1gMXDufcy733+AmjUlnWt1FYWl5ZXSuulzY2t7Z3zN29loxTgUkTxywWHR9JwignTUUVI51EEBT5jLT9wVXutx+IkDTmd2qUEDdCPU5DipHSkmeWh1XrCF7AoWdBh3LoREj1fT+7Hd8HnlmxatYEcJHYM1IBMzQ888sJYpxGhCvMkJRd20qUmyGhKGZkXHJSSRKEB6hHuppyFBHpZpMnxvBQKwEMY6GLKzhRf09kKJJyFPm6M79Rznu5+J/XTVV47maUJ6kiHE8XhSmDKoZ5IjCggmDFRpogLKi+FeI+EggrnVtJh2DPv7xIWsc1+7Rm3ZxU6pezOIqgDA5AFdjgDNTBNWiAJsDgETyDV/BmPBkvxrvxMW0tGLOZffAHxucPHbmWgw==</latexit>

x(0) = x0 2 Rd

<latexit sha1_base64="TnbCfjIvuQzt8mhg188LeSvpu4w=">AAACAHicbVC9TsMwGPxS/kr5CzAwsFhUSExVgkAwVrAwFomWSm1UOa7TWnXsyHYQVZSFV2FhACFWHoONt8FtM0DLSZZOd9/Z/i5MONPG876d0tLyyupaeb2ysbm1vePu7rW0TBWhTSK5VO0Qa8qZoE3DDKftRFEch5zeh6PriX//QJVmUtyZcUKDGA8EixjBxko99yBC3TiUjxmyKY6wwHxsGMl7btWreVOgReIXpAoFGj33q9uXJI2pMIRjrTu+l5ggw8rexmle6aaaJpiM8IB2LBU4pjrIpgvk6NgqfRRJZY8waKr+TmQ41noch3Yyxmao572J+J/XSU10GWRMJKmhgsweilKOjESTNlCfKUoMH1uCiWL2r4gMscLE2M4qtgR/fuVF0jqt+ec17/asWr8q6ijDIRzBCfhwAXW4gQY0gUAOz/AKb86T8+K8Ox+z0ZJTZPbhD5zPH4Wull4=</latexit>

f real analytic

<latexit sha1_base64="uvdTsnGAkzFB0RvsgJ4TwSYXuiM="></latexit>

System of scalar BVP on [a, b] ⇢ R:
<latexit sha1_base64="wQn6LgR5Xz7+JU5wKchDSYEWhdU=">AAACBnicbZC7SgNBFIbPxluMt1VLEQaDkCCEXVG0EYI2FhYRzAWSJcxOZpMhsxdmZsWwpLLxVWwsFLH1Gex8G2eTLTTxh4GP/5zDnPO7EWdSWda3kVtYXFpeya8W1tY3NrfM7Z2GDGNBaJ2EPBQtF0vKWUDriilOW5Gg2Hc5bbrDq7TevKdCsjC4U6OIOj7uB8xjBCttdc39jo/VgGCe3Izj0kMZHSGvlEIZXSCraxatijURmgc7gyJkqnXNr04vJLFPA0U4lrJtW5FyEiwUI5yOC51Y0giTIe7TtsYA+1Q6yeSMMTrUTg95odAvUGji/p5IsC/lyHd1Z7q0nK2l5n+1dqy8cydhQRQrGpDpR17MkQpRmgnqMUGJ4iMNmAimd0VkgAUmSidX0CHYsyfPQ+O4Yp9WrNuTYvUyiyMPe3AAJbDhDKpwDTWoA4FHeIZXeDOejBfj3fiYtuaMbGYX/sj4/AGRJJaW</latexit>

Lu(x) + f(u(x)) = 0
<latexit sha1_base64="l9XfBmXv1W3uRiXY24Ro3BrgQiE=">AAACD3icbVC7TsMwFL0pr1JeBUYWiwrEVCUIBGMFC2NB9CE1pXIcp7XqOJHtIFVR/4CFX2FhACFWVjb+BqfNQFuOZOnonHuv7z1ezJnStv1jFZaWV1bXiuuljc2t7Z3y7l5TRYkktEEiHsm2hxXlTNCGZprTdiwpDj1OW97wOvNbj1QqFol7PYppN8R9wQJGsDZSr3wcIDebIpAbYj3wvPRu/OAjV0czQq9csav2BGiRODmpQI56r/zt+hFJQio04VipjmPHuptiqRnhdFxyE0VjTIa4TzuGChxS1U0n94zRkVF8FETSPKHRRP3bkeJQqVHomcpsRzXvZeJ/XifRwWU3ZSJONBVk+lGQcGSuzcJBPpOUaD4yBBPJzK6IDLDERJsISyYEZ/7kRdI8rTrnVfv2rFK7yuMowgEcwgk4cAE1uIE6NIDAE7zAG7xbz9ar9WF9TksLVt6zDzOwvn4Br/Sccw==</latexit>

f : Rd ! Rd

<latexit sha1_base64="TnbCfjIvuQzt8mhg188LeSvpu4w=">AAACAHicbVC9TsMwGPxS/kr5CzAwsFhUSExVgkAwVrAwFomWSm1UOa7TWnXsyHYQVZSFV2FhACFWHoONt8FtM0DLSZZOd9/Z/i5MONPG876d0tLyyupaeb2ysbm1vePu7rW0TBWhTSK5VO0Qa8qZoE3DDKftRFEch5zeh6PriX//QJVmUtyZcUKDGA8EixjBxko99yBC3TiUjxmyKY6wwHxsGMl7btWreVOgReIXpAoFGj33q9uXJI2pMIRjrTu+l5ggw8rexmle6aaaJpiM8IB2LBU4pjrIpgvk6NgqfRRJZY8waKr+TmQ41noch3Yyxmao572J+J/XSU10GWRMJKmhgsweilKOjESTNlCfKUoMH1uCiWL2r4gMscLE2M4qtgR/fuVF0jqt+ec17/asWr8q6ijDIRzBCfhwAXW4gQY0gUAOz/AKb86T8+K8Ox+z0ZJTZPbhD5zPH4Wull4=</latexit>

f real analytic

<latexit sha1_base64="av9iYeaKskL2aSymZdK3PxIWDdM=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQUXZZ247KCfUAbymQyaYfOI8xMxBDqr7hxoYhbP8Sdf+O0zUJbD1w4nHMv994TJoxq43nfztr6xubWdmmnvLu3f3DoHh13tEwVJm0smVS9EGnCqCBtQw0jvUQRxENGuuGkOfO7D0RpKsW9yRIScDQSNKYYGSsN3cqAh/IxT4iiMqIYNpp6OnSrXs2bA64SvyBVUKA1dL8GkcQpJ8JghrTu+15ighwpQzEj0/Ig1SRBeIJGpG+pQJzoIJ8fP4VnVolgLJUtYeBc/T2RI651xkPbyZEZ62VvJv7n9VMT3wQ5FUlqiMCLRXHKoJFwlgSMqCLYsMwShBW1t0I8RgphY/Mq2xD85ZdXSeei5l/VvLvLar1RxFECJ+AUnAMfXIM6uAUt0AYYZOAZvII358l5cd6dj0XrmlPMVMAfOJ8/0OWU3g==</latexit>

periodic BCs

<latexit sha1_base64="O/XzCjJDtNBszdmKJkSeXeyYkVU=">AAACF3icbVBNSwMxFMz6bf1a9eglWAQvXXZF0WPRi0dF2wptKdn0VYPJZkneimXpv/DiX/HiQRGvevPfmLZ70OpAYJiZx8ubOJXCYhh+eVPTM7Nz8wuLpaXlldU1f32jbnVmONS4ltpcxcyCFAnUUKCEq9QAU7GERnx7MvQbd2Cs0Mkl9lNoK3adiJ7gDJ3U8YOWivV9fpECR8MktVlcUcwltOzSSoV2heUGECgKBcGg45fDIByB/iVRQcqkwFnH/2x1Nc8UJMgls7YZhSm2c2ZQcAmDUiuzkDJ+y66h6WjCFNh2PrprQHec0qU9bdxLkI7UnxM5U9b2VeySiuGNnfSG4n9eM8PeUTsXSZohJHy8qJdJipoOS3JXG9eH7DvCuBHur5TfMMM4uipLroRo8uS/pL4XRAdBeL5frh4XdSyQLbJNdklEDkmVnJIzUiOcPJAn8kJevUfv2Xvz3sfRKa+Y2SS/4H18A55Ln44=</latexit>

Spectral sub-manifold – discrete time.
<latexit sha1_base64="1egHtMQfTXgQqnN2+slkRrGPzjs=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EipJuSiKIboejGZQTbCm0ok8mkHTp5MDMRSuzCX3HjQhG3/oY7/8Zpm4W2Hhg4nHMu987xU86ksu1vo7S0vLK6Vl6vbGxube+Yu3stmWSC0CZJeCLufSwpZzFtKqY4vU8FxZHPadsfXk/89gMVkiXxnRql1ItwP2YhI1hpqWceuFaX63iAkayhSxRariVrtZ5Ztev2FGiROAWpQgG3Z351g4RkEY0V4VjKjmOnysuxUIxwOq50M0lTTIa4Tzuaxjii0sun94/RsVYCFCZCv1ihqfp7IseRlKPI18kIq4Gc9ybif14nU+GFl7M4zRSNyWxRmHGkEjQpAwVMUKL4SBNMBNO3IjLAAhOlK6voEpz5Ly+S1kndOavbt6fVxlVRRxkO4QgscOAcGnADLjSBwCM8wyu8GU/Gi/FufMyiJaOY2Yc/MD5/AGkek8Q=</latexit>

P (�s) = f(P (s))
<latexit sha1_base64="l9XfBmXv1W3uRiXY24Ro3BrgQiE=">AAACD3icbVC7TsMwFL0pr1JeBUYWiwrEVCUIBGMFC2NB9CE1pXIcp7XqOJHtIFVR/4CFX2FhACFWVjb+BqfNQFuOZOnonHuv7z1ezJnStv1jFZaWV1bXiuuljc2t7Z3y7l5TRYkktEEiHsm2hxXlTNCGZprTdiwpDj1OW97wOvNbj1QqFol7PYppN8R9wQJGsDZSr3wcIDebIpAbYj3wvPRu/OAjV0czQq9csav2BGiRODmpQI56r/zt+hFJQio04VipjmPHuptiqRnhdFxyE0VjTIa4TzuGChxS1U0n94zRkVF8FETSPKHRRP3bkeJQqVHomcpsRzXvZeJ/XifRwWU3ZSJONBVk+lGQcGSuzcJBPpOUaD4yBBPJzK6IDLDERJsISyYEZ/7kRdI8rTrnVfv2rFK7yuMowgEcwgk4cAE1uIE6NIDAE7zAG7xbz9ar9WF9TksLVt6zDzOwvn4Br/Sccw==</latexit>

f : Rd ! Rd
<latexit sha1_base64="unWZ0kfdQDJQgRwCtG0Vnrlacj4=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAbBU9gVRY9BL3qLYB6QLGF2MpsMmdlZZnrFuAR/xYsHRbz6H978GyfJHjSxoKGo6qa7K0wEN+B5387C4tLyymphrbi+sbm17e7s1o1KNWU1qoTSzZAYJnjMasBBsGaiGZGhYI1wcDX2G/dMG67iOxgmLJCkF/OIUwJW6rj7bRmqh+xGJsowDH0CeIQ7bskrexPgeeLnpIRyVDvuV7uraCpZDFQQY1q+l0CQEQ2cCjYqtlPDEkIHpMdalsZEMhNkk+tH+MgqXRwpbSsGPFF/T2REGjOUoe2UBPpm1huL/3mtFKKLIONxkgKL6XRRlAoMCo+jwF2uGQUxtIRQze2tmPaJJhRsYEUbgj/78jypn5T9s7J3e1qqXOZxFNABOkTHyEfnqIKuURXVEEWP6Bm9ojfnyXlx3p2PaeuCk8/soT9wPn8AH1eU/w==</latexit>

Impose that
<latexit sha1_base64="Bjn/Ar0HDl3f72dlzFuF3YSL+ZA=">AAAB+nicbVDLTgIxFO3gC/E16NJNIzHihnSIRleG6MYlJvJImJF0SgcaOp1J29GQgU9x40Jj3Pol7vwbC8xCwZPc5OSce3PvPX7MmdIIfVu5ldW19Y38ZmFre2d3zy7uN1WUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57TlD2+mfuuRSsUica9HMfVC3BcsYARrI3XtojuG9ZMyOnXHD1V4BRHs2iVUQTPAZeJkpAQy1Lv2l9uLSBJSoQnHSnUcFGsvxVIzwumk4CaKxpgMcZ92DBU4pMpLZ6dP4LFRejCIpCmh4Uz9PZHiUKlR6JvOEOuBWvSm4n9eJ9HBpZcyESeaCjJfFCQc6ghOc4A9JinRfGQIJpKZWyEZYImJNmkVTAjO4svLpFmtOOcVdHdWql1nceTBITgCZeCAC1ADt6AOGoCAJ/AMXsGbNbZerHfrY96as7KZA/AH1ucPZ7qRfw==</latexit>

kP 0(0)k2 > 0
<latexit sha1_base64="TnbCfjIvuQzt8mhg188LeSvpu4w=">AAACAHicbVC9TsMwGPxS/kr5CzAwsFhUSExVgkAwVrAwFomWSm1UOa7TWnXsyHYQVZSFV2FhACFWHoONt8FtM0DLSZZOd9/Z/i5MONPG876d0tLyyupaeb2ysbm1vePu7rW0TBWhTSK5VO0Qa8qZoE3DDKftRFEch5zeh6PriX//QJVmUtyZcUKDGA8EixjBxko99yBC3TiUjxmyKY6wwHxsGMl7btWreVOgReIXpAoFGj33q9uXJI2pMIRjrTu+l5ggw8rexmle6aaaJpiM8IB2LBU4pjrIpgvk6NgqfRRJZY8waKr+TmQ41noch3Yyxmao572J+J/XSU10GWRMJKmhgsweilKOjESTNlCfKUoMH1uCiWL2r4gMscLE2M4qtgR/fuVF0jqt+ec17/asWr8q6ijDIRzBCfhwAXW4gQY0gUAOz/AKb86T8+K8Ox+z0ZJTZPbhD5zPH4Wull4=</latexit>

f real analytic

<latexit sha1_base64="U8R3XUpDgUGKC5lSd80PO0aPoJ0=">AAACGHicbVDLSgMxFM34tr6qLt0Ei+CmdUYUXYpuXFa0tdAOJZNJazCPIbkRy9DPcOOvuHGhiNvu/BvTx0KrBwKHc87l5p4kE9xCGH4FM7Nz8wuLS8uFldW19Y3i5lbdamcoq1EttGkkxDLBFasBB8EamWFEJoLdJvcXQ//2gRnLtbqBXsZiSbqKdzgl4KV28aAlE/2YX2eMgiECW5eUJfEJLVJcxlQr4MppZzFwySr9drEUVsIR8F8STUgJTVBtFwetVFMnmQIqiLXNKMwgzokBTgXrF1rOsozQe9JlTU8VkczG+eiwPt7zSoo72vinAI/UnxM5kdb2ZOKTksCdnfaG4n9e00HnNM65yhwwRceLOk5g0HjYEk658YWInieEGu7/iukdMYSC77LgS4imT/5L6oeV6LgSXh2Vzs4ndSyhHbSL9lGETtAZukRVVEMUPaEX9Ibeg+fgNfgIPsfRmWAys41+IRh8AyC6oG8=</latexit>

Spectral sub-manifold - continuous time.
<latexit sha1_base64="ejtBMYQFTzG9wu5wkQBWAwUkfAc=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrCI7aYkouhGKLpxGcE+oA1lMpm0QycPZiZCCcWNv+LGhSJu/Qp3/o3TNgttPTBwOOdc7tzjJZxJZVnfRmFpeWV1rbhe2tjc2t4xd/eaMk4FoQ0S81i0PSwpZxFtKKY4bSeC4tDjtOUNbyZ+64EKyeLoXo0S6oa4H7GAEay01DMPulyHfYwkck4qsoquUFBxNKn2zLJVs6ZAi8TOSRlyOD3zq+vHJA1ppAjHUnZsK1FuhoVihNNxqZtKmmAyxH3a0TTCIZVuNj1hjI614qMgFvpFCk3V3xMZDqUchZ5OhlgN5Lw3Ef/zOqkKLt2MRUmqaERmi4KUIxWjSR/IZ4ISxUeaYCKY/isiAywwUbq1ki7Bnj95kTRPa/Z5zbo7K9ev8zqKcAhHUAEbLqAOt+BAAwg8wjO8wpvxZLwY78bHLFow8pl9+APj8wcInZSc</latexit>

�sP 0(s) = f(P (s))
<latexit sha1_base64="l9XfBmXv1W3uRiXY24Ro3BrgQiE=">AAACD3icbVC7TsMwFL0pr1JeBUYWiwrEVCUIBGMFC2NB9CE1pXIcp7XqOJHtIFVR/4CFX2FhACFWVjb+BqfNQFuOZOnonHuv7z1ezJnStv1jFZaWV1bXiuuljc2t7Z3y7l5TRYkktEEiHsm2hxXlTNCGZprTdiwpDj1OW97wOvNbj1QqFol7PYppN8R9wQJGsDZSr3wcIDebIpAbYj3wvPRu/OAjV0czQq9csav2BGiRODmpQI56r/zt+hFJQio04VipjmPHuptiqRnhdFxyE0VjTIa4TzuGChxS1U0n94zRkVF8FETSPKHRRP3bkeJQqVHomcpsRzXvZeJ/XifRwWU3ZSJONBVk+lGQcGSuzcJBPpOUaD4yBBPJzK6IDLDERJsISyYEZ/7kRdI8rTrnVfv2rFK7yuMowgEcwgk4cAE1uIE6NIDAE7zAG7xbz9ar9WF9TksLVt6zDzOwvn4Br/Sccw==</latexit>

f : Rd ! Rd

<latexit sha1_base64="unWZ0kfdQDJQgRwCtG0Vnrlacj4=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAbBU9gVRY9BL3qLYB6QLGF2MpsMmdlZZnrFuAR/xYsHRbz6H978GyfJHjSxoKGo6qa7K0wEN+B5387C4tLyymphrbi+sbm17e7s1o1KNWU1qoTSzZAYJnjMasBBsGaiGZGhYI1wcDX2G/dMG67iOxgmLJCkF/OIUwJW6rj7bRmqh+xGJsowDH0CeIQ7bskrexPgeeLnpIRyVDvuV7uraCpZDFQQY1q+l0CQEQ2cCjYqtlPDEkIHpMdalsZEMhNkk+tH+MgqXRwpbSsGPFF/T2REGjOUoe2UBPpm1huL/3mtFKKLIONxkgKL6XRRlAoMCo+jwF2uGQUxtIRQze2tmPaJJhRsYEUbgj/78jypn5T9s7J3e1qqXOZxFNABOkTHyEfnqIKuURXVEEWP6Bm9ojfnyXlx3p2PaeuCk8/soT9wPn8AH1eU/w==</latexit>

Impose that
<latexit sha1_base64="Bjn/Ar0HDl3f72dlzFuF3YSL+ZA=">AAAB+nicbVDLTgIxFO3gC/E16NJNIzHihnSIRleG6MYlJvJImJF0SgcaOp1J29GQgU9x40Jj3Pol7vwbC8xCwZPc5OSce3PvPX7MmdIIfVu5ldW19Y38ZmFre2d3zy7uN1WUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57TlD2+mfuuRSsUica9HMfVC3BcsYARrI3XtojuG9ZMyOnXHD1V4BRHs2iVUQTPAZeJkpAQy1Lv2l9uLSBJSoQnHSnUcFGsvxVIzwumk4CaKxpgMcZ92DBU4pMpLZ6dP4LFRejCIpCmh4Uz9PZHiUKlR6JvOEOuBWvSm4n9eJ9HBpZcyESeaCjJfFCQc6ghOc4A9JinRfGQIJpKZWyEZYImJNmkVTAjO4svLpFmtOOcVdHdWql1nceTBITgCZeCAC1ADt6AOGoCAJ/AMXsGbNbZerHfrY96as7KZA/AH1ucPZ7qRfw==</latexit>

kP 0(0)k2 > 0
<latexit sha1_base64="TnbCfjIvuQzt8mhg188LeSvpu4w=">AAACAHicbVC9TsMwGPxS/kr5CzAwsFhUSExVgkAwVrAwFomWSm1UOa7TWnXsyHYQVZSFV2FhACFWHoONt8FtM0DLSZZOd9/Z/i5MONPG876d0tLyyupaeb2ysbm1vePu7rW0TBWhTSK5VO0Qa8qZoE3DDKftRFEch5zeh6PriX//QJVmUtyZcUKDGA8EixjBxko99yBC3TiUjxmyKY6wwHxsGMl7btWreVOgReIXpAoFGj33q9uXJI2pMIRjrTu+l5ggw8rexmle6aaaJpiM8IB2LBU4pjrIpgvk6NgqfRRJZY8waKr+TmQ41noch3Yyxmao572J+J/XSU10GWRMJKmhgsweilKOjESTNlCfKUoMH1uCiWL2r4gMscLE2M4qtgR/fuVF0jqt+ec17/asWr8q6ijDIRzBCfhwAXW4gQY0gUAOz/AKb86T8+K8Ox+z0ZJTZPbhD5zPH4Wull4=</latexit>

f real analytic
<latexit sha1_base64="tdsBGhhC2cr2IB99+HNTmJA4Vp4=">AAACEHicbVA9SwNBEN3z2/gVtbRZDKKN4U4ULYM22ikYFZIj7G0mcXF379idC4YjP8HGv2JjoYitpZ3/xr3kCo0+WHi8NzM786JECou+/+VNTE5Nz8zOzZcWFpeWV8qra1c2Tg2HOo9lbG4iZkEKDXUUKOEmMcBUJOE6ujvJ/eseGCtifYn9BELFulp0BGfopFZ5u6mi+D470z1mBNNIuTBcAt2lbWG5AQSKQsGgVa74VX8I+pcEBamQAuet8mezHfNUgUYumbWNwE8wzJhB4eYPSs3UQsL4HetCw1HNFNgwGx40oFtOadNObNzLd8rVnx0ZU9b2VeQqFcNbO+7l4n9eI8XOUZgJnaQImo8+6qSSYkzzdNzRBjjKviOMG+F2pfyWGcbRZVhyIQTjJ/8lV3vV4KDqX+xXasdFHHNkg2ySHRKQQ1Ijp+Sc1AknD+SJvJBX79F79t6891HphFf0rJNf8D6+Acj5nQw=</latexit>

Invariant circle - discrete time
<latexit sha1_base64="vjIcrBcp+PHQyRs3z2sJ1zZ8nPU=">AAACCnicbVDJSgNBEO1xjXEb9eilNQgJQpgRRS9C0IvHCGaBJISeTk3SpGehu0YIQ85e/BUvHhTx6hd482/sLIImPih4vFdFVT0vlkKj43xZC4tLyyurmbXs+sbm1ra9s1vVUaI4VHgkI1X3mAYpQqigQAn1WAELPAk1r3898mv3oLSIwjscxNAKWDcUvuAMjdS2D8r5JvYAGT2mzSiALivQS+rnf+RCoW3nnKIzBp0n7pTkyBTltv3Z7EQ8CSBELpnWDdeJsZUyhYJLGGabiYaY8T7rQsPQkAWgW+n4lSE9MkqH+pEyFSIdq78nUhZoPQg80xkw7OlZbyT+5zUS9C9aqQjjBCHkk0V+IilGdJQL7QgFHOXAEMaVMLdS3mOKcTTpZU0I7uzL86R6UnTPis7taa50NY0jQ/bJIckTl5yTErkhZVIhnDyQJ/JCXq1H69l6s94nrQvWdGaP/IH18Q1aq5gj</latexit>

P (✓ + !) = f(P (✓))
<latexit sha1_base64="l9XfBmXv1W3uRiXY24Ro3BrgQiE=">AAACD3icbVC7TsMwFL0pr1JeBUYWiwrEVCUIBGMFC2NB9CE1pXIcp7XqOJHtIFVR/4CFX2FhACFWVjb+BqfNQFuOZOnonHuv7z1ezJnStv1jFZaWV1bXiuuljc2t7Z3y7l5TRYkktEEiHsm2hxXlTNCGZprTdiwpDj1OW97wOvNbj1QqFol7PYppN8R9wQJGsDZSr3wcIDebIpAbYj3wvPRu/OAjV0czQq9csav2BGiRODmpQI56r/zt+hFJQio04VipjmPHuptiqRnhdFxyE0VjTIa4TzuGChxS1U0n94zRkVF8FETSPKHRRP3bkeJQqVHomcpsRzXvZeJ/XifRwWU3ZSJONBVk+lGQcGSuzcJBPpOUaD4yBBPJzK6IDLDERJsISyYEZ/7kRdI8rTrnVfv2rFK7yuMowgEcwgk4cAE1uIE6NIDAE7zAG7xbz9ar9WF9TksLVt6zDzOwvn4Br/Sccw==</latexit>

f : Rd ! Rd

<latexit sha1_base64="OOv+iu0z7r1yymxbEaWfZWTy/mc=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIoseiF48VbC20oWw2k3bpZjfsbqQl9K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5YcqZNp737ZTW1jc2t8rblZ3dvf0D97Da1jJTFFpUcqk6IdHAmYCWYYZDJ1VAkpDDYzi6nfmPT6A0k+LBTFIIEjIQLGaUGCv13WoT95JQjnOcgmIyYnTad2te3ZsDrxK/IDVUoNl3v3qRpFkCwlBOtO76XmqCnCjDKIdppZdpSAkdkQF0LRUkAR3k89un+NQqEY6lsiUMnqu/J3KSaD1JQtuZEDPUy95M/M/rZia+DnIm0syAoItFccaxkXgWBI6YAmr4xBJCFbO3YjokilBj46rYEPzll1dJ+7zuX9a9+4ta46aIo4yO0Qk6Qz66Qg10h5qohSgao2f0it6cqfPivDsfi9aSU8wcoT9wPn8Azt+UTA==</latexit>

P periodic
<latexit sha1_base64="wevCZF9qzm4QoQG/deZL/h9+5VY=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjii6LblxWsA9oh5LJpG1oJhmSjFrGfoobF4q49Uvc+Tem7Sy09cCFwzn3JveeMOFMG8/7dgorq2vrG8XN0tb2zu6eW95vapkqQhtEcqnaIdaUM0EbhhlO24miOA45bYWj66nfuqdKMynuzDihQYwHgvUZwcZKPbfcjUP5mCVD+wYiUkSTnlvxqt4MaJn4OalAjnrP/epGkqQxFYZwrHXH9xITZFgZRjidlLqppgkmIzygHUsFjqkOstnqE3RslQj1pbIlDJqpvycyHGs9jkPbGWMz1IveVPzP66SmfxlkTCSpoYLMP+qnHBmJpjmgiClKDB9bgolidldEhlhhYmxaJRuCv3jyMmmeVv3zqnd7Vqld5XEU4RCO4AR8uIAa3EAdGkDgAZ7hFd6cJ+fFeXc+5q0FJ585gD9wPn8AmuSUOA==</latexit>

phase cond
<latexit sha1_base64="TnbCfjIvuQzt8mhg188LeSvpu4w=">AAACAHicbVC9TsMwGPxS/kr5CzAwsFhUSExVgkAwVrAwFomWSm1UOa7TWnXsyHYQVZSFV2FhACFWHoONt8FtM0DLSZZOd9/Z/i5MONPG876d0tLyyupaeb2ysbm1vePu7rW0TBWhTSK5VO0Qa8qZoE3DDKftRFEch5zeh6PriX//QJVmUtyZcUKDGA8EixjBxko99yBC3TiUjxmyKY6wwHxsGMl7btWreVOgReIXpAoFGj33q9uXJI2pMIRjrTu+l5ggw8rexmle6aaaJpiM8IB2LBU4pjrIpgvk6NgqfRRJZY8waKr+TmQ41noch3Yyxmao572J+J/XSU10GWRMJKmhgsweilKOjESTNlCfKUoMH1uCiWL2r4gMscLE2M4qtgR/fuVF0jqt+ec17/asWr8q6ijDIRzBCfhwAXW4gQY0gUAOz/AKb86T8+K8Ox+z0ZJTZPbhD5zPH4Wull4=</latexit>

f real analytic

<latexit sha1_base64="SMnKoye7NBmhoRHhCRo+kU1Vsw0=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkoiii6LblxW6AuaUCbTSTt0JgkzN9IQs/BX3LhQxK2/4c6/cdpmoa0HBg7n3MO9c/yYMwW2/W2UVlbX1jfKm5Wt7Z3dPXP/oK2iRBLaIhGPZNfHinIW0hYw4LQbS4qFz2nHH99O/c4DlYpFYRPSmHoCD0MWMIJBS33zyBV+NMlcoBPwg6yJU53I875ZtWv2DNYycQpSRQUaffPLHUQkETQEwrFSPceOwcuwBEY4zStuomiMyRgPaU/TEAuqvGx2f26damVgBZHULwRrpv5OZFgolQpfTwoMI7XoTcX/vF4CwbWXsTBOgIZkvihIuAWRNS3DGjBJCfBUE0wk07daZIQlJqArq+gSnMUvL5P2ec25rNn3F9X6TVFHGR2jE3SGHHSF6ugONVALEfSIntErejOejBfj3fiYj5aMInOI/sD4/AFTC5bx</latexit>

Taylor

<latexit sha1_base64="U4f/VU7VcjxYk3j7xN835qzdwkA=">AAACAnicbVDJSgNBEO1xjXGLehIvg0HwFGZE0WMwF48RzAKZIfR0ajJNeha6a0KGIXjxV7x4UMSrX+HNv7GzHDTxQcHjvSqq6nmJ4Aot69tYWV1b39gsbBW3d3b39ksHh00Vp5JBg8Uilm2PKhA8ggZyFNBOJNDQE9DyBrWJ3xqCVDyOHjBLwA1pP+I+ZxS11C0dO6EXj3IHYYSen9cC8DIVwHA87pbKVsWawlwm9pyUyRz1bunL6cUsDSFCJqhSHdtK0M2pRM4EjItOqiChbED70NE0oiEoN5++MDbPtNIz/VjqitCcqr8nchoqlYWe7gwpBmrRm4j/eZ0U/Rs351GSIkRstshPhYmxOcnD7HEJDEWmCWWS61tNFlBJGerUijoEe/HlZdK8qNhXFev+sly9ncdRICfklJwTm1yTKrkjddIgjDySZ/JK3own48V4Nz5mrSvGfOaI/IHx+QOcPZg1</latexit>

Chebyshev

<latexit sha1_base64="y+8MMZ2WtkczFeaIqwzPBGq9Bf8="></latexit>

Example problems in dynamical systems/nonlinear analysis:

<latexit sha1_base64="brnkEbMlnPYnEaFa2Ey9q8xZVRk=">AAACDnicbVA9SwNBEN3zM8avqKXNYghYhTtRFCvRJmUC+YIkhL3NXLJk7/bYnRPDkV9g41+xsVDE1trOf+Pmo9DEBwOP92aYmefHUhh03W9nZXVtfWMzs5Xd3tnd288dHNaNSjSHGldS6abPDEgRQQ0FSmjGGljoS2j4w7uJ37gHbYSKqjiKoROyfiQCwRlaqZsrtENfPaRthAf0g7SSgJkYVAW0OgBasnuux+NuLu8W3SnoMvHmJE/mKHdzX+2e4kkIEXLJjGl5boydlGkUXMI4204MxIwPWR9alkYsBNNJp++MacEqPRoobStCOlV/T6QsNGYU+rYzZDgwi95E/M9rJRhcdVIRxQlCxGeLgkRSVHSSDe0JDRzlyBLGtbC3Uj5gmnG0CWZtCN7iy8ukflb0Lopu5Tx/czuPI0OOyQk5JR65JDekRMqkRjh5JM/klbw5T86L8+58zFpXnPnMEfkD5/MH0oyckg==</latexit>

Question of The Hour:

<latexit sha1_base64="l9XfBmXv1W3uRiXY24Ro3BrgQiE=">AAACD3icbVC7TsMwFL0pr1JeBUYWiwrEVCUIBGMFC2NB9CE1pXIcp7XqOJHtIFVR/4CFX2FhACFWVjb+BqfNQFuOZOnonHuv7z1ezJnStv1jFZaWV1bXiuuljc2t7Z3y7l5TRYkktEEiHsm2hxXlTNCGZprTdiwpDj1OW97wOvNbj1QqFol7PYppN8R9wQJGsDZSr3wcIDebIpAbYj3wvPRu/OAjV0czQq9csav2BGiRODmpQI56r/zt+hFJQio04VipjmPHuptiqRnhdFxyE0VjTIa4TzuGChxS1U0n94zRkVF8FETSPKHRRP3bkeJQqVHomcpsRzXvZeJ/XifRwWU3ZSJONBVk+lGQcGSuzcJBPpOUaD4yBBPJzK6IDLDERJsISyYEZ/7kRdI8rTrnVfv2rFK7yuMowgEcwgk4cAE1uIE6NIDAE7zAG7xbz9ar9WF9TksLVt6zDzOwvn4Br/Sccw==</latexit>

f : Rd ! Rd

<latexit sha1_base64="OOv+iu0z7r1yymxbEaWfZWTy/mc=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIoseiF48VbC20oWw2k3bpZjfsbqQl9K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5YcqZNp737ZTW1jc2t8rblZ3dvf0D97Da1jJTFFpUcqk6IdHAmYCWYYZDJ1VAkpDDYzi6nfmPT6A0k+LBTFIIEjIQLGaUGCv13WoT95JQjnOcgmIyYnTad2te3ZsDrxK/IDVUoNl3v3qRpFkCwlBOtO76XmqCnCjDKIdppZdpSAkdkQF0LRUkAR3k89un+NQqEY6lsiUMnqu/J3KSaD1JQtuZEDPUy95M/M/rZia+DnIm0syAoItFccaxkXgWBI6YAmr4xBJCFbO3YjokilBj46rYEPzll1dJ+7zuX9a9+4ta46aIo4yO0Qk6Qz66Qg10h5qohSgao2f0it6cqfPivDsfi9aSU8wcoT9wPn8Azt+UTA==</latexit>

P periodic
<latexit sha1_base64="wevCZF9qzm4QoQG/deZL/h9+5VY=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjii6LblxWsA9oh5LJpG1oJhmSjFrGfoobF4q49Uvc+Tem7Sy09cCFwzn3JveeMOFMG8/7dgorq2vrG8XN0tb2zu6eW95vapkqQhtEcqnaIdaUM0EbhhlO24miOA45bYWj66nfuqdKMynuzDihQYwHgvUZwcZKPbfcjUP5mCVD+wYiUkSTnlvxqt4MaJn4OalAjnrP/epGkqQxFYZwrHXH9xITZFgZRjidlLqppgkmIzygHUsFjqkOstnqE3RslQj1pbIlDJqpvycyHGs9jkPbGWMz1IveVPzP66SmfxlkTCSpoYLMP+qnHBmJpjmgiClKDB9bgolidldEhlhhYmxaJRuCv3jyMmmeVv3zqnd7Vqld5XEU4RCO4AR8uIAa3EAdGkDgAZ7hFd6cJ+fFeXc+5q0FJ585gD9wPn8AmuSUOA==</latexit>

phase cond

<latexit sha1_base64="yQmTE6LFKAvyM8lZ4XXZq2ugciA=">AAACAHicbVDLSsNAFJ34rPUVdeHCTbAIrkoiii6LgrisYB/QhDKZ3rRDJw9mbqQlZOOvuHGhiFs/w51/47TNQlsPXDicc+/MvcdPBFdo29/G0vLK6tp6aaO8ubW9s2vu7TdVnEoGDRaLWLZ9qkDwCBrIUUA7kUBDX0DLH95M/NYjSMXj6AHHCXgh7Uc84IyilrrmoRv68ShzEUboB9mtfpeDzPOuWbGr9hTWInEKUiEF6l3zy+3FLA0hQiaoUh3HTtDLqETOBORlN1WQUDakfehoGtEQlJdND8itE630rCCWuiK0purviYyGSo1DX3eGFAdq3puI/3mdFIMrL+NRkiJEbPZRkAoLY2uShtXjEhiKsSaUSa53tdiASspQZ1bWITjzJy+S5lnVuaja9+eV2nURR4kckWNyShxySWrkjtRJgzCSk2fySt6MJ+PFeDc+Zq1LRjFzQP7A+PwBFFSXXA==</latexit>

Fourier
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<latexit sha1_base64="3EIVLUkbR5t+mZH4cZu3AjzquAw=">AAACMHicbVDLSsNAFJ3UV62vqEs3g0VoNyURRTdC0YUuq9gHNLFMppN26GQSZyZiCf0kN36KbhQUcetXOGmzsK0XZjiccy/33ONFjEplWe9GbmFxaXklv1pYW9/Y3DK3dxoyjAUmdRyyULQ8JAmjnNQVVYy0IkFQ4DHS9AYXqd58IELSkN+qYUTcAPU49SlGSlMd8/KxpMrwDPqlFJShcx+j7tTvQyddw6ETINX3vORmdKc1FU4RHbNoVaxxwXlgZ6AIsqp1zBenG+I4IFxhhqRs21ak3AQJRTEjo4ITSxIhPEA90taQo4BINxkfPIIHmtHOQqEfV3DM/p1IUCDlMPB0Z+pRzmop+Z/WjpV/6iaUR7EiHE8W+TGD+to0PdilgmDFhhogLKj2CnEfCYSVzrigQ7BnT54HjcOKfVyxro+K1fMsjjzYA/ugBGxwAqrgCtRAHWDwBF7BB/g0no0348v4nrTmjGxmF0yV8fMLMgqoAA==</latexit>

x(t) = f(x(t)) f : Rd ! Rd

<latexit sha1_base64="wQn6LgR5Xz7+JU5wKchDSYEWhdU=">AAACBnicbZC7SgNBFIbPxluMt1VLEQaDkCCEXVG0EYI2FhYRzAWSJcxOZpMhsxdmZsWwpLLxVWwsFLH1Gex8G2eTLTTxh4GP/5zDnPO7EWdSWda3kVtYXFpeya8W1tY3NrfM7Z2GDGNBaJ2EPBQtF0vKWUDriilOW5Gg2Hc5bbrDq7TevKdCsjC4U6OIOj7uB8xjBCttdc39jo/VgGCe3Izj0kMZHSGvlEIZXSCraxatijURmgc7gyJkqnXNr04vJLFPA0U4lrJtW5FyEiwUI5yOC51Y0giTIe7TtsYA+1Q6yeSMMTrUTg95odAvUGji/p5IsC/lyHd1Z7q0nK2l5n+1dqy8cydhQRQrGpDpR17MkQpRmgnqMUGJ4iMNmAimd0VkgAUmSidX0CHYsyfPQ+O4Yp9WrNuTYvUyiyMPe3AAJbDhDKpwDTWoA4FHeIZXeDOejBfj3fiYtuaMbGYX/sj4/AGRJJaW</latexit>

Lu(x) + f(u(x)) = 0
<latexit sha1_base64="1egHtMQfTXgQqnN2+slkRrGPzjs=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EipJuSiKIboejGZQTbCm0ok8mkHTp5MDMRSuzCX3HjQhG3/oY7/8Zpm4W2Hhg4nHMu987xU86ksu1vo7S0vLK6Vl6vbGxube+Yu3stmWSC0CZJeCLufSwpZzFtKqY4vU8FxZHPadsfXk/89gMVkiXxnRql1ItwP2YhI1hpqWceuFaX63iAkayhSxRariVrtZ5Ztev2FGiROAWpQgG3Z351g4RkEY0V4VjKjmOnysuxUIxwOq50M0lTTIa4Tzuaxjii0sun94/RsVYCFCZCv1ihqfp7IseRlKPI18kIq4Gc9ybif14nU+GFl7M4zRSNyWxRmHGkEjQpAwVMUKL4SBNMBNO3IjLAAhOlK6voEpz5Ly+S1kndOavbt6fVxlVRRxkO4QgscOAcGnADLjSBwCM8wyu8GU/Gi/FufMyiJaOY2Yc/MD5/AGkek8Q=</latexit>

P (�s) = f(P (s))
<latexit sha1_base64="ejtBMYQFTzG9wu5wkQBWAwUkfAc=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrCI7aYkouhGKLpxGcE+oA1lMpm0QycPZiZCCcWNv+LGhSJu/Qp3/o3TNgttPTBwOOdc7tzjJZxJZVnfRmFpeWV1rbhe2tjc2t4xd/eaMk4FoQ0S81i0PSwpZxFtKKY4bSeC4tDjtOUNbyZ+64EKyeLoXo0S6oa4H7GAEay01DMPulyHfYwkck4qsoquUFBxNKn2zLJVs6ZAi8TOSRlyOD3zq+vHJA1ppAjHUnZsK1FuhoVihNNxqZtKmmAyxH3a0TTCIZVuNj1hjI614qMgFvpFCk3V3xMZDqUchZ5OhlgN5Lw3Ef/zOqkKLt2MRUmqaERmi4KUIxWjSR/IZ4ISxUeaYCKY/isiAywwUbq1ki7Bnj95kTRPa/Z5zbo7K9ev8zqKcAhHUAEbLqAOt+BAAwg8wjO8wpvxZLwY78bHLFow8pl9+APj8wcInZSc</latexit>

�sP 0(s) = f(P (s))
<latexit sha1_base64="vjIcrBcp+PHQyRs3z2sJ1zZ8nPU=">AAACCnicbVDJSgNBEO1xjXEb9eilNQgJQpgRRS9C0IvHCGaBJISeTk3SpGehu0YIQ85e/BUvHhTx6hd482/sLIImPih4vFdFVT0vlkKj43xZC4tLyyurmbXs+sbm1ra9s1vVUaI4VHgkI1X3mAYpQqigQAn1WAELPAk1r3898mv3oLSIwjscxNAKWDcUvuAMjdS2D8r5JvYAGT2mzSiALivQS+rnf+RCoW3nnKIzBp0n7pTkyBTltv3Z7EQ8CSBELpnWDdeJsZUyhYJLGGabiYaY8T7rQsPQkAWgW+n4lSE9MkqH+pEyFSIdq78nUhZoPQg80xkw7OlZbyT+5zUS9C9aqQjjBCHkk0V+IilGdJQL7QgFHOXAEMaVMLdS3mOKcTTpZU0I7uzL86R6UnTPis7taa50NY0jQ/bJIckTl5yTErkhZVIhnDyQJ/JCXq1H69l6s94nrQvWdGaP/IH18Q1aq5gj</latexit>

P (✓ + !) = f(P (✓))

<latexit sha1_base64="SMnKoye7NBmhoRHhCRo+kU1Vsw0=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkoiii6LblxW6AuaUCbTSTt0JgkzN9IQs/BX3LhQxK2/4c6/cdpmoa0HBg7n3MO9c/yYMwW2/W2UVlbX1jfKm5Wt7Z3dPXP/oK2iRBLaIhGPZNfHinIW0hYw4LQbS4qFz2nHH99O/c4DlYpFYRPSmHoCD0MWMIJBS33zyBV+NMlcoBPwg6yJU53I875ZtWv2DNYycQpSRQUaffPLHUQkETQEwrFSPceOwcuwBEY4zStuomiMyRgPaU/TEAuqvGx2f26damVgBZHULwRrpv5OZFgolQpfTwoMI7XoTcX/vF4CwbWXsTBOgIZkvihIuAWRNS3DGjBJCfBUE0wk07daZIQlJqArq+gSnMUvL5P2ec25rNn3F9X6TVFHGR2jE3SGHHSF6ugONVALEfSIntErejOejBfj3fiYj5aMInOI/sD4/AFTC5bx</latexit>

Taylor

<latexit sha1_base64="yQmTE6LFKAvyM8lZ4XXZq2ugciA=">AAACAHicbVDLSsNAFJ34rPUVdeHCTbAIrkoiii6LgrisYB/QhDKZ3rRDJw9mbqQlZOOvuHGhiFs/w51/47TNQlsPXDicc+/MvcdPBFdo29/G0vLK6tp6aaO8ubW9s2vu7TdVnEoGDRaLWLZ9qkDwCBrIUUA7kUBDX0DLH95M/NYjSMXj6AHHCXgh7Uc84IyilrrmoRv68ShzEUboB9mtfpeDzPOuWbGr9hTWInEKUiEF6l3zy+3FLA0hQiaoUh3HTtDLqETOBORlN1WQUDakfehoGtEQlJdND8itE630rCCWuiK0purviYyGSo1DX3eGFAdq3puI/3mdFIMrL+NRkiJEbPZRkAoLY2uShtXjEhiKsSaUSa53tdiASspQZ1bWITjzJy+S5lnVuaja9+eV2nURR4kckWNyShxySWrkjtRJgzCSk2fySt6MJ+PFeDc+Zq1LRjFzQP7A+PwBFFSXXA==</latexit>

Fourier

<latexit sha1_base64="U4f/VU7VcjxYk3j7xN835qzdwkA=">AAACAnicbVDJSgNBEO1xjXGLehIvg0HwFGZE0WMwF48RzAKZIfR0ajJNeha6a0KGIXjxV7x4UMSrX+HNv7GzHDTxQcHjvSqq6nmJ4Aot69tYWV1b39gsbBW3d3b39ksHh00Vp5JBg8Uilm2PKhA8ggZyFNBOJNDQE9DyBrWJ3xqCVDyOHjBLwA1pP+I+ZxS11C0dO6EXj3IHYYSen9cC8DIVwHA87pbKVsWawlwm9pyUyRz1bunL6cUsDSFCJqhSHdtK0M2pRM4EjItOqiChbED70NE0oiEoN5++MDbPtNIz/VjqitCcqr8nchoqlYWe7gwpBmrRm4j/eZ0U/Rs351GSIkRstshPhYmxOcnD7HEJDEWmCWWS61tNFlBJGerUijoEe/HlZdK8qNhXFev+sly9ncdRICfklJwTm1yTKrkjddIgjDySZ/JK3own48V4Nz5mrSvGfOaI/IHx+QOcPZg1</latexit>

Chebyshev

<latexit sha1_base64="wcTIVwRi0ixu7JxvbzYzcYoXhwU="></latexit>

Formulate as a zero finding problem on an appropriate Banach space.
<latexit sha1_base64="mM4PQ7J89N8UsAQH+65atYeHBlI=">AAACAHicbVDJSgNBEO2JW4zbqAcPXhqD4CnMiKJ4CnrxGNEskITQ06lJmvQsdNdIwjAXf8WLB0W8+hne/Bs7y0ETHxQ83quiqp4XS6HRcb6t3NLyyupafr2wsbm1vWPv7tV0lCgOVR7JSDU8pkGKEKooUEIjVsACT0LdG9yM/fojKC2i8AFHMbQD1guFLzhDI3Xsg1bgRcO0hTBEz0/vEWLqXmVZxy46JWcCukjcGSmSGSod+6vVjXgSQIhcMq2brhNjO2UKBZeQFVqJhpjxAetB09CQBaDb6eSBjB4bpUv9SJkKkU7U3xMpC7QeBZ7pDBj29bw3Fv/zmgn6l+1UhHGCEPLpIj+RFCM6ToN2hQKOcmQI40qYWynvM8U4mswKJgR3/uVFUjstuecl5+6sWL6exZEnh+SInBCXXJAyuSUVUiWcZOSZvJI368l6sd6tj2lrzprN7JM/sD5/AP/Tlqc=</latexit>

Step 1:
<latexit sha1_base64="FlXhSJof5GAm28SHD4LIioHZfq4=">AAACDnicbVA7T8MwGHTKq5RXgJHFoqrEFCUIBGMFC2OR6ENqo8pxnNbUsSPbqYii/gIW/goLAwixMrPxb3DbDNBykqXT3X22vwsSRpV23W+rtLK6tr5R3qxsbe/s7tn7By0lUolJEwsmZCdAijDKSVNTzUgnkQTFASPtYHQ99dtjIhUV/E5nCfFjNOA0ohhpI/XtWi8OxEPekOKeYA0RD6ESbEwgT2MiTYyxzJn07arruDPAZeIVpAoKNPr2Vy8U2FzBNWZIqa7nJtrPkdQUMzKp9FJFEoRHaEC6hnIUE+Xns3UmsGaUEEZCmsM1nKm/J3IUK5XFgUnGSA/VojcV//O6qY4u/ZzyJNWE4/lDUcqgFnDaDQypNCWwzBCEJTV/hXiIJMLaNFgxJXiLKy+T1qnjnTvu7Vm1flXUUQZH4BicAA9cgDq4AQ3QBBg8gmfwCt6sJ+vFerc+5tGSVcwcgj+wPn8AyUuckQ==</latexit>

Project and solve numerically.
<latexit sha1_base64="OgzbMFJP689xA3NHa66UZmcj1vw=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYBXugqJYBW0sI5pESELY28wlS/Y+2J2ThOMa/4qNhSK2/gw7/42b5ApNfDDweG+GmXluJIVG2/62ckvLK6tr+fXCxubW9k5xd6+hw1hxqPNQhurBZRqkCKCOAiU8RAqY70pousPrid98BKVFGNzjOIKOz/qB8ARnaKRu8aDtu+EoaSOM0PWSO4SIVi7TtFss2WV7CrpInIyUSIZat/jV7oU89iFALpnWLceOsJMwhYJLSAvtWEPE+JD1oWVowHzQnWT6QEqPjdKjXqhMBUin6u+JhPlaj33XdPoMB3rem4j/ea0YvYtOIoIoRgj4bJEXS4ohnaRBe0IBRzk2hHElzK2UD5hiHE1mBROCM//yImlUys5Z2b49LVWvsjjy5JAckRPikHNSJTekRuqEk5Q8k1fyZj1ZL9a79TFrzVnZzD75A+vzBwFplqg=</latexit>

Step 2:
<latexit sha1_base64="YyPxDQAHkP6SBNzQw5mZ/u82+t8="></latexit>

Make a Newton-Kantorovich or Nash-Moser argument: prove a true solution nearby.
<latexit sha1_base64="a29pPF0MgU9Vn3IyiCIEyUjJvkQ=">AAACAHicbVDJSgNBEO1xjXEb9eDBS2MQPIUZFxRPQS8eI5oFkhB6OjVJk56F7hpJGObir3jxoIhXP8Obf2NnOWjig4LHe1VU1fNiKTQ6zre1sLi0vLKaW8uvb2xubds7u1UdJYpDhUcyUnWPaZAihAoKlFCPFbDAk1Dz+jcjv/YISosofMBhDK2AdUPhC87QSG17vxl40SBtIgzQ89N7hJieXmVZ2y44RWcMOk/cKSmQKcpt+6vZiXgSQIhcMq0brhNjK2UKBZeQ5ZuJhpjxPutCw9CQBaBb6fiBjB4ZpUP9SJkKkY7V3xMpC7QeBp7pDBj29Kw3Ev/zGgn6l61UhHGCEPLJIj+RFCM6SoN2hAKOcmgI40qYWynvMcU4mszyJgR39uV5Uj0puudF5+6sULqexpEjB+SQHBOXXJASuSVlUiGcZOSZvJI368l6sd6tj0nrgjWd2SN/YH3+AALwlqk=</latexit>

Step 3:

<latexit sha1_base64="VkLudusshhhujl9zKTDlIW/uIqQ="></latexit>

Computer assisted proofs for these problems (and many others) can be obtained using a common approach.

<latexit sha1_base64="xXRORf0wgpB27p0ljtgS4y3/aiY="></latexit>

Lanford, Eckman, Koch, Plum... school of a-posteriori analysis

<latexit sha1_base64="brnkEbMlnPYnEaFa2Ey9q8xZVRk=">AAACDnicbVA9SwNBEN3zM8avqKXNYghYhTtRFCvRJmUC+YIkhL3NXLJk7/bYnRPDkV9g41+xsVDE1trOf+Pmo9DEBwOP92aYmefHUhh03W9nZXVtfWMzs5Xd3tnd288dHNaNSjSHGldS6abPDEgRQQ0FSmjGGljoS2j4w7uJ37gHbYSKqjiKoROyfiQCwRlaqZsrtENfPaRthAf0g7SSgJkYVAW0OgBasnuux+NuLu8W3SnoMvHmJE/mKHdzX+2e4kkIEXLJjGl5boydlGkUXMI4204MxIwPWR9alkYsBNNJp++MacEqPRoobStCOlV/T6QsNGYU+rYzZDgwi95E/M9rJRhcdVIRxQlCxGeLgkRSVHSSDe0JDRzlyBLGtbC3Uj5gmnG0CWZtCN7iy8ukflb0Lopu5Tx/czuPI0OOyQk5JR65JDekRMqkRjh5JM/klbw5T86L8+58zFpXnPnMEfkD5/MH0oyckg==</latexit>

Question of The Hour:

<latexit sha1_base64="y+8MMZ2WtkczFeaIqwzPBGq9Bf8="></latexit>

Example problems in dynamical systems/nonlinear analysis:



5 A-posteriori analysis of the T-point operator near a numeri-

cally computed approximate zero

5.1 A-posteriori analysis for a zero finding problem

Theorem 5.1 (Newton Kantorovich (with smoothing approximate inverse)). Suppose that X , Y
are Banach spaces and that that F : X æ Y is a Fréchet di�erentiable map. Assume that
A

† : X æ Y, and A : Y æ X are bounded linear operators with A one-to-one, and that x̄ œ X ,
and rú, Y, Z0, Z1, Z2 > 0 have that

• Approximate root:
ÎAF (x̄)ÎX Æ Y,

• Approximate inverse:
ÎIdX ≠ AA

†ÎB(X ) Æ Z0,

• Approximate derivative:
...A

Ë
DF(x̄) ≠ A

†
È...

B(X )
Æ Z1,

• Local Lipschitz bound on the Fréchet derivative:

sup
x,yœBrú(x̄)

ÎA [DF(x) ≠ DF(y)]|B(X ) Æ Z2Îx ≠ yÎX .

Suppose that
Z0 + Z1 < 1, and that (1 ≠ Z0 ≠ Z1)2

> 4Z2Y.

Define
— = (1 ≠ Z0 ≠ Z1) +

Ò
(1 ≠ Z0 ≠ Z1)2 ≠ 4Z2Y ,

C = —

2Z2
,

and
R = min (rú, C) .

Then, for any r > 0 with
4—

≠1
Y Æ r Æ C,

there exists a unique
xú œ Br(x̄),

so that
F (xú) = 0.

Moreover, ADF(xú) is a Banach space isomorphism.

Proof. Consider the polynomial

p(r) = Z2r
2 ≠ (1 ≠ Z0 ≠ Z1)r + Y.

Note that since Z2, 1 ≠ Z0 ≠ Z1, Y > 0, we have that p(0) > 0. Moreover, since Z0 + Z1 < 1 by
hypothesis, we have that p

Õ(0) < 0. Then p has two positive, real, distinct roots

4—Y, and C.
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<latexit sha1_base64="Az/EgpIhOqJALf0MEBOG6tt+USw=">AAACG3icbVC7SgNBFJ31bXxFLW0Gg2Bj2BVFy6CNlSjkBUkIs5O7ZsjszDJzVw1L/sPGX7GxUMRKsPBvnDwKNZ7qcM693HtOmEhh0fe/vJnZufmFxaXl3Mrq2vpGfnOranVqOFS4ltrUQ2ZBCgUVFCihnhhgcSihFvbOh37tFowVWpWxn0ArZjdKRIIzdFI7f9iMQ32flbtAE6N1RC2mHQGWolMu4Q61OpCiB1QnYBhqQwftfMEv+iPQaRJMSIFMcNXOfzQ7mqcxKOSSWdsI/ARbGTMouIRBrplaSBjvsRtoOKpYDLaVjbIN6J5TOjRyhyOtkI7UnxsZi63tx6GbjBl27V9vKP7nNVKMTluZUEmKoPj4UJRKipoOi6IdYYCj7DvCuBHuV8q7zDCOrs6cKyH4G3maVA+LwXHRvz4qlM4mdSyRHbJL9klATkiJXJArUiGcPJAn8kJevUfv2Xvz3sejM95kZ5v8gvf5DXyNoa8=</latexit>

The proof studies the Newton-like operator
<latexit sha1_base64="jVpoPOowSZZpGePLZpv53xBhE18=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxCXVhmRNGNUBXEZYW+oB1KJs20oZkHSUZbxn6KGxeKuPVL3Pk3pu0stPXAhZNz7iX3HjfiTCrL+jYyS8srq2vZ9dzG5tb2jpnfrcswFoTWSMhD0XSxpJwFtKaY4rQZCYp9l9OGO7iZ+I0HKiQLg6oaRdTxcS9gHiNYaalj5qvF4RG6REN0jK7QrX50zIJVsqZAi8ROSQFSVDrmV7sbktingSIcS9myrUg5CRaKEU7HuXYsaYTJAPdoS9MA+1Q6yXT1MTrUShd5odAVKDRVf08k2Jdy5Lu608eqL+e9ifif14qVd+EkLIhiRQMy+8iLOVIhmuSAukxQovhIE0wE07si0scCE6XTyukQ7PmTF0n9pGSflaz700L5Oo0jC/twAEWw4RzKcAcVqAGBR3iGV3gznowX4934mLVmjHRmD/7A+PwBD7+RSA==</latexit>

T (x) = x�AF (x)

<latexit sha1_base64="Pz+FgEHXDB+zRqZdyvCgIgYIKys=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCKkuUIBCMVVkYi0QfUhNFjuu0Vh0nsh1EFWXhV1gYQIiVz2Djb3DaDNByJEtH59yj63uChFGpbPvbqKysrq1vVDdrW9s7u3vm/kFXxqnApINjFot+gCRhlJOOooqRfiIIigJGesHkpvB7D0RIGvN7NU2IF6ERpyHFSGnJN4/cWNtFOmv5ouEGSMDHs9zyzbpt2TPAZeKUpA5KtH3zyx3GOI0IV5ghKQeOnSgvQ0JRzEhec1NJEoQnaEQGmnIUEellswNyeKqVIQxjoR9XcKb+TmQoknIaBXoyQmosF71C/M8bpCq89jLKk1QRjueLwpRBFcOiDTikgmDFppogLKj+K8RjJBBWurOaLsFZPHmZdM8t59Ky7y7qzVZZRxUcgxPQAA64Ak1wC9qgAzDIwTN4BW/Gk/FivBsf89GKUWYOwR8Ynz8KiJYI</latexit>

Br(x̄).

<latexit sha1_base64="+yVo29AB8fdfhhXQ3/BDG0TCoF0="></latexit>

The hypotheses of the theorem are exactly what is needed to show that
<latexit sha1_base64="HGaJDZ/6RCRUhwElr2fd5uUZz4o=">AAACInicbVDLSgMxFM34rPVVdekmWAVXZUYUdVd047KCVaEtJZPe2mAeQ3JHLEO/xY2/4saFoq4EP8ZM7UJbDwkczrn3JvfEiRQOw/AzmJqemZ2bLywUF5eWV1ZLa+uXzqSWQ50baex1zBxIoaGOAiVcJxaYiiVcxbenuX91B9YJoy+wn0BLsRstuoIz9FK7dNxUsbnPti+2qXCUUW40WsZzk/qDPfCSSiQgUAVoBacuYRzooF0qh5VwCDpJohEpkxFq7dJ7s2N4qkAjl8y5RhQm2MqYRcElDIrN1IEffctuoOGpZgpcKxuuOKA7XunQrrH+aqRD9XdHxpRzfRX7SsWw58a9XPzPa6TYPWplQicpguY/D3VTSdHQPC/aERY4yr4njFvh/0p5j+UR+VSLPoRofOVJcrlXiQ4q4fl+uXoyiqNANskW2SUROSRVckZqpE44eSBP5IW8Bo/Bc/AWfPyUTgWjng3yB8HXN2D1o5c=</latexit>

T is a contraction on the complete metric space

<latexit sha1_base64="595ClBwgctVQ5rI3kBPevMs3VEU="></latexit>

Another consequence of the theorem is that ADF (x⇤) is an isomorphism.
<latexit sha1_base64="eNpvJNMFAhx8pchgt88Vi9pK32M="></latexit>

This information can sometimes be parlayed into stability/transversality information.
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<latexit sha1_base64="qV0r+8gWkyogcjRwk1gjtPSB+Z0="></latexit>

Example: consider the scalar boundary value problem
<latexit sha1_base64="8+tcsrtS0ExRequa867LZj/H8rQ=">AAACBXicbVC7SgNBFL3rM8bXqqUWg0GMBMKuKNoIQRvLCOYByRJmJ7PJkNkH8xDCksbGX7GxUMTWf7Dzb5wkW2jigQtnzrmXuff4CWdSOc63tbC4tLyymlvLr29sbm3bO7t1GWtBaI3EPBZNH0vKWURriilOm4mgOPQ5bfiDm7HfeKBCsji6V8OEeiHuRSxgBCsjdewDfWxQQm2fKozMA5UQCor6BF0hp2MXnLIzAZonbkYKkKHasb/a3ZjokEaKcCxly3US5aVYKEY4HeXbWtIEkwHu0ZahEQ6p9NLJFSN0ZJQuCmJhKlJoov6eSHEo5TD0TWeIVV/OemPxP6+lVXDppSxKtKIRmX4UaI5UjMaRoC4TlCg+NAQTwcyuiPSxwESZ4PImBHf25HlSPy2752Xn7qxQuc7iyME+HEIRXLiACtxCFWpA4BGe4RXerCfrxXq3PqatC1Y2swd/YH3+APNKlGI=</latexit>

u0000 + �u00 + f(u) = 0
<latexit sha1_base64="nbc9zgiiyY1a1/bvuFA0r/nAPNc="></latexit>

with f an analytic function, and Neumann boundary conditions.
<latexit sha1_base64="LfgFoYophXRzcwEceMPMKDNq0l4="></latexit>

For example if f(z) = ez � 1 this is a toy model for a suspension bridge.

<latexit sha1_base64="rC6HaoEFlEl5y6TM/2MFtxxZTAY=">AAAB+nicbVDLTsMwENyUVymvFI5cLCokDlAlCATHCi4ci0QfUhNVjuu0Vh0nsh2gCv0ULhxAiCtfwo2/wW1zgJaRdjWa2ZXXEyScKe0431ZhaXllda24XtrY3Nrescu7TRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fw+uJ37qnUrFY3OlRQv0I9wULGcHaSF27/Ig8JlDnxEvYMTLN79oVp+pMgRaJm5MK5Kh37S+vF5M0okITjpXquE6i/QxLzQin45KXKppgMsR92jFU4IgqP5uePkaHRumhMJamhEZT9fdGhiOlRlFgJiOsB2rem4j/eZ1Uh5d+xkSSairI7KEw5UjHaJID6jFJieYjQzCRzNyKyABLTLRJq2RCcOe/vEiap1X3vOrcnlVqV3kcRdiHAzgCFy6gBjdQhwYQeIBneIU368l6sd6tj9lowcp39uAPrM8fhBKS3w==</latexit>

x 2 [�⇡,⇡]

MR2220064 Breuer, B.; Horák, J.; McKenna, P. J.; Plum, M.  
A computer-assisted existence and multiplicity proof for travelling waves in a nonlinearly supported beam. 
 J. Differential Equations 224 (2006), no. 1, 60–97. 

MR4017416 Nagatou, K.; Plum, M.; McKenna, P. J.  
Orbital stability investigations for travelling waves in a nonlinearly supported beam. 
 J. Differential Equations 268 (2019), no. 1, 80–114.  

https://mathscinet-ams-org.eu1.proxy.openathens.net/mathscinet/search/publdoc.html?pg1=INDI&s1=140415&sort=Newest&vfpref=html&r=8&mx-pid=4017416
https://mathscinet-ams-org.eu1.proxy.openathens.net/mathscinet/search/author.html?mrauthid=651249
https://mathscinet-ams-org.eu1.proxy.openathens.net/mathscinet/search/author.html?mrauthid=140415
https://mathscinet-ams-org.eu1.proxy.openathens.net/mathscinet/search/author.html?mrauthid=122540
https://mathscinet-ams-org.eu1.proxy.openathens.net/mathscinet/search/journaldoc.html?id=204
https://mathscinet-ams-org.eu1.proxy.openathens.net/mathscinet/search/publications.html?pg1=ISSI&s1=404259
https://mathscinet-ams-org.eu1.proxy.openathens.net/mathscinet/search/publdoc.html?pg1=INDI&s1=140415&sort=Newest&vfpref=html&r=34&mx-pid=2220064
https://mathscinet-ams-org.eu1.proxy.openathens.net/mathscinet/search/author.html?mrauthid=688999
https://mathscinet-ams-org.eu1.proxy.openathens.net/mathscinet/search/author.html?mrauthid=795352
https://mathscinet-ams-org.eu1.proxy.openathens.net/mathscinet/search/author.html?mrauthid=122540
https://mathscinet-ams-org.eu1.proxy.openathens.net/mathscinet/search/author.html?mrauthid=140415
https://mathscinet-ams-org.eu1.proxy.openathens.net/mathscinet/search/journaldoc.html?id=204
https://mathscinet-ams-org.eu1.proxy.openathens.net/mathscinet/search/publications.html?pg1=ISSI&s1=241342
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<latexit sha1_base64="qV0r+8gWkyogcjRwk1gjtPSB+Z0="></latexit>

Example: consider the scalar boundary value problem
<latexit sha1_base64="8+tcsrtS0ExRequa867LZj/H8rQ=">AAACBXicbVC7SgNBFL3rM8bXqqUWg0GMBMKuKNoIQRvLCOYByRJmJ7PJkNkH8xDCksbGX7GxUMTWf7Dzb5wkW2jigQtnzrmXuff4CWdSOc63tbC4tLyymlvLr29sbm3bO7t1GWtBaI3EPBZNH0vKWURriilOm4mgOPQ5bfiDm7HfeKBCsji6V8OEeiHuRSxgBCsjdewDfWxQQm2fKozMA5UQCor6BF0hp2MXnLIzAZonbkYKkKHasb/a3ZjokEaKcCxly3US5aVYKEY4HeXbWtIEkwHu0ZahEQ6p9NLJFSN0ZJQuCmJhKlJoov6eSHEo5TD0TWeIVV/OemPxP6+lVXDppSxKtKIRmX4UaI5UjMaRoC4TlCg+NAQTwcyuiPSxwESZ4PImBHf25HlSPy2752Xn7qxQuc7iyME+HEIRXLiACtxCFWpA4BGe4RXerCfrxXq3PqatC1Y2swd/YH3+APNKlGI=</latexit>

u0000 + �u00 + f(u) = 0
<latexit sha1_base64="nbc9zgiiyY1a1/bvuFA0r/nAPNc="></latexit>

with f an analytic function, and Neumann boundary conditions.

<latexit sha1_base64="rC6HaoEFlEl5y6TM/2MFtxxZTAY=">AAAB+nicbVDLTsMwENyUVymvFI5cLCokDlAlCATHCi4ci0QfUhNVjuu0Vh0nsh2gCv0ULhxAiCtfwo2/wW1zgJaRdjWa2ZXXEyScKe0431ZhaXllda24XtrY3Nrescu7TRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fw+uJ37qnUrFY3OlRQv0I9wULGcHaSF27/Ig8JlDnxEvYMTLN79oVp+pMgRaJm5MK5Kh37S+vF5M0okITjpXquE6i/QxLzQin45KXKppgMsR92jFU4IgqP5uePkaHRumhMJamhEZT9fdGhiOlRlFgJiOsB2rem4j/eZ1Uh5d+xkSSairI7KEw5UjHaJID6jFJieYjQzCRzNyKyABLTLRJq2RCcOe/vEiap1X3vOrcnlVqV3kcRdiHAzgCFy6gBjdQhwYQeIBneIU368l6sd6tj9lowcp39uAPrM8fhBKS3w==</latexit>

x 2 [�⇡,⇡]

<latexit sha1_base64="rj3R1iT0ieEnlk4bqnYc8Tn8Ke4=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOOsmQeawzs9Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruimDNjff/by62srq1v5DcLW9s7u3vF/YO6UYmmUKOKK92MiAHOJNQssxyasQYiIg6NaHgz9Rsj0IYpeW/HMYSC9CXrMUqsk8K2iNRT+jgADXjSKZb8sj8DXiZBRkooQ7VT/Gp3FU0ESEs5MaYV+LENU6ItoxwmhXZiICZ0SPrQclQSASZMZ0dP8IlTurintCtp8Uz9PZESYcxYRK5TEDswi95U/M9rJbZ3FaZMxokFSeeLegnHVuFpArjLNFDLx44Qqpm7FdMB0YRal1PBhRAsvrxM6mfl4KLs352XKtdZHHl0hI7RKQrQJaqgW1RFNUTRA3pGr+jNG3kv3rv3MW/NednMIfoD7/MHCoaSRQ==</latexit>

where
<latexit sha1_base64="ELmpNnfM7GHyIFh8HXJQpPT+318=">AAACHHicbZDLSsNAFIYn9VbrLerSzcEiuCqJF3QlRTcuK9gLNDVMptN26GQSZiZqCXkQN76KGxeKuHEh+DZOL4i2/jDw851zOHP+IOZMacf5snJz8wuLS/nlwsrq2vqGvblVU1EiCa2SiEeyEWBFORO0qpnmtBFLisOA03rQvxjW67dUKhaJaz2IaSvEXcE6jGBtkG8fYvCYAI9y7nsiuXHBC4PoPoU7pnuQgWFwBj8UizZkvl10Ss5IMGvciSmiiSq+/eG1I5KEVGjCsVJN14l1K8VSM8JpVvASRWNM+rhLm8YKHFLVSkfHZbBnSBs6kTRPaBjR3xMpDpUahIHpDLHuqenaEP5Xaya6c9pKmYgTTQUZL+okHHQEw6SgzSQlmg+MwUQy81cgPSwx0SbPggnBnT551tQOSu5xybk6KpbPJ3Hk0Q7aRfvIRSeojC5RBVURQQ/oCb2gV+vRerberPdxa86azGyjP7I+vwELVqAY</latexit>

a 2 `1⌫ with ⌫ > 1 and

<latexit sha1_base64="IgNAfRzbISzzTbD4ewREMPxu2ag="></latexit>

Plugging this ansatz into the BVP leads to the system of equations
<latexit sha1_base64="Qk9AsFoWydlhpPWB4ImaaA/57jo=">AAACKXicbVDLSgNBEJz1bXxFPXppDEJEDbui6EUIevGoYFTIxqV30omDs7PrzKwQgr/jxV/xoqCoV3/ESczBV0E3RVU3M11xJoWxvv/mDQ2PjI6NT0wWpqZnZueK8wunJs01pxpPZarPYzQkhaKaFVbSeaYJk1jSWXx10PPPbkgbkaoT28mokWBbiZbgaJ0UFatldbEFGxDGZBHUxeYqYKRgDeJIlXEV9sBfh/A6x+aPriBs03XPi4olv+L3AX9JMCAlNsBRVHwKmynPE1KWSzSmHviZbXRRW8El3RbC3FCG/ArbVHdUYUKm0e1fegsrTmlCK9WulIW++n2ji4kxnSR2kwnaS/Pb64n/efXctnYbXaGy3JLiXw+1cgk2hV5s0BSauJUdR5Br4f4K/BI1cuvCLbgQgt8n/yWnm5Vgu+Ifb5Wq+4M4JtgSW2ZlFrAdVmWH7IjVGGd37IE9sxfv3nv0Xr33r9Ehb7CzyH7A+/gETHuhzg==</latexit>

(n4 � �n2)an + bn(a) = 0, n � 0,
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Example: consider the scalar boundary value problem
<latexit sha1_base64="8+tcsrtS0ExRequa867LZj/H8rQ=">AAACBXicbVC7SgNBFL3rM8bXqqUWg0GMBMKuKNoIQRvLCOYByRJmJ7PJkNkH8xDCksbGX7GxUMTWf7Dzb5wkW2jigQtnzrmXuff4CWdSOc63tbC4tLyymlvLr29sbm3bO7t1GWtBaI3EPBZNH0vKWURriilOm4mgOPQ5bfiDm7HfeKBCsji6V8OEeiHuRSxgBCsjdewDfWxQQm2fKozMA5UQCor6BF0hp2MXnLIzAZonbkYKkKHasb/a3ZjokEaKcCxly3US5aVYKEY4HeXbWtIEkwHu0ZahEQ6p9NLJFSN0ZJQuCmJhKlJoov6eSHEo5TD0TWeIVV/OemPxP6+lVXDppSxKtKIRmX4UaI5UjMaRoC4TlCg+NAQTwcyuiPSxwESZ4PImBHf25HlSPy2752Xn7qxQuc7iyME+HEIRXLiACtxCFWpA4BGe4RXerCfrxXq3PqatC1Y2swd/YH3+APNKlGI=</latexit>

u0000 + �u00 + f(u) = 0
<latexit sha1_base64="nbc9zgiiyY1a1/bvuFA0r/nAPNc="></latexit>

with f an analytic function, and Neumann boundary conditions.

<latexit sha1_base64="rC6HaoEFlEl5y6TM/2MFtxxZTAY=">AAAB+nicbVDLTsMwENyUVymvFI5cLCokDlAlCATHCi4ci0QfUhNVjuu0Vh0nsh2gCv0ULhxAiCtfwo2/wW1zgJaRdjWa2ZXXEyScKe0431ZhaXllda24XtrY3Nrescu7TRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fw+uJ37qnUrFY3OlRQv0I9wULGcHaSF27/Ig8JlDnxEvYMTLN79oVp+pMgRaJm5MK5Kh37S+vF5M0okITjpXquE6i/QxLzQin45KXKppgMsR92jFU4IgqP5uePkaHRumhMJamhEZT9fdGhiOlRlFgJiOsB2rem4j/eZ1Uh5d+xkSSairI7KEw5UjHaJID6jFJieYjQzCRzNyKyABLTLRJq2RCcOe/vEiap1X3vOrcnlVqV3kcRdiHAzgCFy6gBjdQhwYQeIBneIU368l6sd6tj9lowcp39uAPrM8fhBKS3w==</latexit>

x 2 [�⇡,⇡]
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with f an analytic function, and Neumann boundary conditions.
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x 2 [�⇡,⇡]



Ecole Normale Supérieure de Lyon                                                                                                                                                                                                                                                                                                                                             J.D. Mireles James                                                                                                         

<latexit sha1_base64="qV0r+8gWkyogcjRwk1gjtPSB+Z0="></latexit>

Example: consider the scalar boundary value problem
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<latexit sha1_base64="rC6HaoEFlEl5y6TM/2MFtxxZTAY=">AAAB+nicbVDLTsMwENyUVymvFI5cLCokDlAlCATHCi4ci0QfUhNVjuu0Vh0nsh2gCv0ULhxAiCtfwo2/wW1zgJaRdjWa2ZXXEyScKe0431ZhaXllda24XtrY3Nrescu7TRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fw+uJ37qnUrFY3OlRQv0I9wULGcHaSF27/Ig8JlDnxEvYMTLN79oVp+pMgRaJm5MK5Kh37S+vF5M0okITjpXquE6i/QxLzQin45KXKppgMsR92jFU4IgqP5uePkaHRumhMJamhEZT9fdGhiOlRlFgJiOsB2rem4j/eZ1Uh5d+xkSSairI7KEw5UjHaJID6jFJieYjQzCRzNyKyABLTLRJq2RCcOe/vEiap1X3vOrcnlVqV3kcRdiHAzgCFy6gBjdQhwYQeIBneIU368l6sd6tj9lowcp39uAPrM8fhBKS3w==</latexit>
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x 2 [�⇡,⇡]

3 Consider the suspension bridge equation

Consider the suspension bridge equation

u0000 + �u00 + G(u(x)) = 0, u = u(x) 2 R, x 2 [�⇡, ⇡] (14)

where the (non-polynomial) nonlinearity is given by G(u(x)) = eu(x) � 1. We supplement the di↵erential
equation with periodic boundary conditions together with the symmetry assumption u(�x) = u(x). The
parameter � 2 R is linked to the wave speed

p
�. Plugging a cosine Fourier expansion in (14) leads to

the zero-finding problem

Fn(a)
def
= (n4 � �n2)an + (G(a))n = 0, n � 0.

We fix � = 1.1 and the number of Fourier coe�cients to be N = 30 and using Newton’s method, we
computed a periodic solution of the suspension bridge equation (14). The solution is depicted in Figure 3.
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0

Figure 1: A periodic solution of the suspension bridge equation (14) at � = 1.1.

We want to apply the following Newton-Kantorovich theorem to prove existence of zeros of F .

Theorem 2 (A Newton-Kantorovich theorem) Let X and Y be Banach spaces and F : X ! Y be a
Fréchet di↵erentiable mapping. Suppose that ā 2 X, A† 2 B(X, Y ), and A 2 B(Y, X). Moreover assume
that A is injective. Let Y0, Z0, and Z1 be positive constants and Z2 : (0, 1) ! [0, 1) be a non-negative
function satisfying

kAF (ā)kX  Y0, (15)

kI � AA†kB(X)  Z0, (16)

kA[DF (ā) � A†]kB(X)  Z1, (17)

and
kA[DF (c) � DF (ā)]kB(X)  Z2(r)r, for all c 2 Br(ā) and all r > 0. (18)

Define
p(r)

def
= Z2(r)r

2 � (1 � Z0 � Z1)r + Y0. (19)

If there exists r0 > 0 such that p(r0) < 0, then there exists a unique ã 2 Br0(x̄) satisfying F (ã) = 0.

Given n � 0, denote

!n =

(
1, n = 0

2⌫n, n � 1.

6
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<latexit sha1_base64="qV0r+8gWkyogcjRwk1gjtPSB+Z0="></latexit>

Example: consider the scalar boundary value problem
<latexit sha1_base64="8+tcsrtS0ExRequa867LZj/H8rQ=">AAACBXicbVC7SgNBFL3rM8bXqqUWg0GMBMKuKNoIQRvLCOYByRJmJ7PJkNkH8xDCksbGX7GxUMTWf7Dzb5wkW2jigQtnzrmXuff4CWdSOc63tbC4tLyymlvLr29sbm3bO7t1GWtBaI3EPBZNH0vKWURriilOm4mgOPQ5bfiDm7HfeKBCsji6V8OEeiHuRSxgBCsjdewDfWxQQm2fKozMA5UQCor6BF0hp2MXnLIzAZonbkYKkKHasb/a3ZjokEaKcCxly3US5aVYKEY4HeXbWtIEkwHu0ZahEQ6p9NLJFSN0ZJQuCmJhKlJoov6eSHEo5TD0TWeIVV/OemPxP6+lVXDppSxKtKIRmX4UaI5UjMaRoC4TlCg+NAQTwcyuiPSxwESZ4PImBHf25HlSPy2752Xn7qxQuc7iyME+HEIRXLiACtxCFWpA4BGe4RXerCfrxXq3PqatC1Y2swd/YH3+APNKlGI=</latexit>

u0000 + �u00 + f(u) = 0
<latexit sha1_base64="nbc9zgiiyY1a1/bvuFA0r/nAPNc="></latexit>

with f an analytic function, and Neumann boundary conditions.

<latexit sha1_base64="rC6HaoEFlEl5y6TM/2MFtxxZTAY=">AAAB+nicbVDLTsMwENyUVymvFI5cLCokDlAlCATHCi4ci0QfUhNVjuu0Vh0nsh2gCv0ULhxAiCtfwo2/wW1zgJaRdjWa2ZXXEyScKe0431ZhaXllda24XtrY3Nrescu7TRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fw+uJ37qnUrFY3OlRQv0I9wULGcHaSF27/Ig8JlDnxEvYMTLN79oVp+pMgRaJm5MK5Kh37S+vF5M0okITjpXquE6i/QxLzQin45KXKppgMsR92jFU4IgqP5uePkaHRumhMJamhEZT9fdGhiOlRlFgJiOsB2rem4j/eZ1Uh5d+xkSSairI7KEw5UjHaJID6jFJieYjQzCRzNyKyABLTLRJq2RCcOe/vEiap1X3vOrcnlVqV3kcRdiHAzgCFy6gBjdQhwYQeIBneIU368l6sd6tj9lowcp39uAPrM8fhBKS3w==</latexit>

x 2 [�⇡,⇡]
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denote the representation of ā as a trigonometric polynomial. Let (A†)N be a 2N + 1 ⇥ 2N + 1 matrix
obtained by evaluating DFN (āN ) numerically (it includes aliasing error), and let AN be a numerically
computing approximate inverse of DF̄N (āN ). Define the operators A† and A by

A =

✓
AN 0
0 (L1)�1

◆
,

and

A† =

✓
DFN (āN ) 0

0 L1

◆
,

where

L1(a)n =

(
0 |n|  N

µnan |n| > N

and

(L1)�1(a)n =

(
0 |n|  N
1
µn

an |n| > N

2 Enclosure of the Fourier coe�cients of G(ū(x))
We expand solutions of (1) using Fourier series, that is

u(x) =
X

n2Z
aneinx

Using a finite dimensional projection with maximum Fourier mode N , assume that one computed a
numerical approximation ā = {ān}|n|N such that Fn(ā) ⇡ 0 for n = �N, . . . , N . Given that

ū(x)
def
=

X

|n|N

āneinx,

denote
G(ū(x)) =

X

n2Z
bneinx.

and the purpose of this section is to develop a rigorously validated numerical method to enclose the
Fourier coe�cients b = (bn)n2Z.

Fix a number Ntail, which determines the cut-o↵ Fourier coe�cient frequency at which we perform
the analysis for the tail of bn. Using the numerical data {ān}|n|N , choose ⌫̄ such that ān ⇡ C

⌫̄|n| (or
choose ⌫̄ smaller than the optimal numerical decay).

We treat the case n � 0. The case n < 0 is done similarly. Assume that the function G � ū is analytic
on the strip of width ⇢ > 0 in the complex plane. Consider a closed contour � = [4

i=1�i inside the
domain of analyticity D(G � ū) of h, so that

R
� G(ū(z))dz = 0. Assume that the line �3 lies on the line

{z 2 C : =(z) = �i(⇢ � ✏)} (for some ✏ > 0) which lise just inside D(G � ū). Denote ⇢̄ = ⇢ � ✏.

�i⇢

i⇢

�i(⇢ � ✏)

�1

�2
�3

�4

2⇡ R

iR

2
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By periodicity of G � ū, it has Fourier expansion

G(ū(x)) =
X

n2Z
bneinx.

Consider n � 0 and note that

bn =
1

2⇡

Z 2⇡

0
G(ū(x))e�inxdx

=
1

2⇡

Z

�1

G(ū(z))e�inzdz

= � 1

2⇡

Z

�3

G(ū(z))e�inzdz

=
1

2⇡

Z 2⇡

0
G(ū(x � i⇢̄))e�in(x�i⇢̄)dx

=
1

2⇡
e�n⇢̄

Z 2⇡

0
G(ū(x � i⇢̄))e�inxdx.

and therefore

|bn|  1

2⇡en⇢̄

Z 2⇡

0
|G(ū(x � i⇢̄))| |e�inx|dx

 1

⌫̄n

✓
1

2⇡

Z 2⇡

0
|G(ū(x � i⇢̄))| dx

◆

 C⇢̄

⌫̄n
(3)

where ⌫̄
def
= e⇢̄ and for C⇢̄ satisfying

1

2⇡

Z 2⇡

0
|G(ū(x � i⇢̄))| dx  C⇢̄. (4)

Consider a number NFFT (a power of 2) and a uniform mesh of [0, 2⇡] of mesh size 2⇡
NFFT

, that is

xk =
2k⇡

NFFT
, k = 0, . . . , NFFT.

For each k = 0, . . . , NFFT, denote by Ck
⇢̄ an upper bound satisfying

sup
x2[xk,xk+1]

|G(ū(x � i⇢̄))|  Ck
⇢̄ . (5)

Then,

1

2⇡

Z 2⇡

0
|G(ū(x � i⇢̄))| dx =

1

2⇡

NFFT�1X

k=0

Z xk+1

xk

|G(ū(x � i⇢̄))| dx  1

NFFT

NFFT�1X

k=0

Ck
⇢̄ .

Hence, defining

C⇢̄
def
=

1

NFFT

NFFT�1X

k=0

Ck
⇢̄ , (6)

we get that (4) holds. The computation of the coe�cients Ck
⇢̄ satisfying (5) is done using the FFT and

interval arithmetic as follows. First, note that

ū(x � i⇢̄) =
X

|n|N

ānein(x�i⇢̄) =
X

|n|N

(ānen⇢̄)einx,

3
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(ānen⇢̄)einx,

3
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|G(ū(x � i⇢̄))| dx  C⇢̄. (4)

Consider a number NFFT (a power of 2) and a uniform mesh of [0, 2⇡] of mesh size 2⇡
NFFT

, that is

xk =
2k⇡

NFFT
, k = 0, . . . , NFFT.

For each k = 0, . . . , NFFT, denote by Ck
⇢̄ an upper bound satisfying

sup
x2[xk,xk+1]
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|G(ū(x � i⇢̄))| dx  1

NFFT

NFFT�1X

k=0

Ck
⇢̄ .

Hence, defining

C⇢̄
def
=

1

NFFT

NFFT�1X

k=0

Ck
⇢̄ , (6)

we get that (4) holds. The computation of the coe�cients Ck
⇢̄ satisfying (5) is done using the FFT and

interval arithmetic as follows. First, note that
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G(ū(x))e�inxdx

=
1

2⇡

Z

�1
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G(ū(z))e�inzdz

=
1

2⇡

Z 2⇡

0
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|G(ū(x � i⇢̄))| dx

◆

 C⇢̄

⌫̄n
(3)

where ⌫̄
def
= e⇢̄ and for C⇢̄ satisfying

1

2⇡

Z 2⇡

0
|G(ū(x � i⇢̄))| dx  C⇢̄. (4)

Consider a number NFFT (a power of 2) and a uniform mesh of [0, 2⇡] of mesh size 2⇡
NFFT

, that is

xk =
2k⇡

NFFT
, k = 0, . . . , NFFT.

For each k = 0, . . . , NFFT, denote by Ck
⇢̄ an upper bound satisfying

sup
x2[xk,xk+1]
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|G(ū(x � i⇢̄))| dx =

1

2⇡

NFFT�1X

k=0

Z xk+1

xk
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By periodicity of G � ū, it has Fourier expansion
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G(ū(x � i⇢̄))e�in(x�i⇢̄)dx

=
1

2⇡
e�n⇢̄

Z 2⇡

0
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G(ū(x � i⇢̄))e�inxdx.

and therefore

|bn|  1

2⇡en⇢̄

Z 2⇡

0
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G(ū(z))e�inzdz

= � 1

2⇡

Z

�3
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(ānen⇢̄)einx

1

A

= G

0

@
X

|n|N
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ānen(⇢̄+i�), n = �N, . . . , N

0, n 2 {�NFFT

2 , . . . , �N � 1} [ {N + 1, . . . , NFFT

2 � 1}.
(7)

For each n = �N, . . . , N and use interval arithmetic to compute an interval ↵n such that
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G(ū(x)) on the interval [0, 2⇡] at the grid points

xk =
2k⇡

NFFT
, for k = 0, . . . , NFFT � 1,

that is
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G(ū(x � i⇢̄))e�inxdx.

and therefore

|bn|  1

2⇡en⇢̄

Z 2⇡

0
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|G(ū(x � i⇢̄))| dx  C⇢̄. (4)

Consider a number NFFT (a power of 2) and a uniform mesh of [0, 2⇡] of mesh size 2⇡
NFFT

, that is

xk =
2k⇡

NFFT
, k = 0, . . . , NFFT.

For each k = 0, . . . , NFFT, denote by Ck
⇢̄ an upper bound satisfying

sup
x2[xk,xk+1]
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(ānen⇢̄)einx

1

A

= G

0

@
X

|n|N
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which is obtained rigorously via padding the vector {ān}|n|N , the FFT and interval arithmetics compu-
tations. More explicitly, the padding is given by
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Note that pad(ā) 2 CNFFT , where recall that NFFT is a power of two. Note that
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which can be computed using the FFT. Once this is done, we use once again interval arithmetics to
evaluate an enclosure of G(ū(xk)) for all k = �NFFT

2 , . . . , NFFT

2 � 1. In order to recover a rigorous enclosure
of bn for |n|  NTail, we use the inverse Fourier Transform and control the aliasing error. The inverse
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The computation of b̄n is done with interval arithmetics and the inverse FFT. Now, from the Discrete
Poisson Summation Formula (e.g. see the book [1])
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3 Consider the suspension bridge equation

Consider the suspension bridge equation

u0000 + �u00 + G(u(x)) = 0, u = u(x) 2 R, x 2 [�⇡, ⇡] (14)

where the (non-polynomial) nonlinearity is given by G(u(x)) = eu(x) � 1. We supplement the di↵erential
equation with periodic boundary conditions together with the symmetry assumption u(�x) = u(x). The
parameter � 2 R is linked to the wave speed

p
�. Plugging a cosine Fourier expansion in (14) leads to

the zero-finding problem

Fn(a)
def
= (n4 � �n2)an + (G(a))n = 0, n � 0.

We fix � = 1.1 and the number of Fourier coe�cients to be N = 30 and using Newton’s method, we
computed a periodic solution of the suspension bridge equation (14). The solution is depicted in Figure 3.
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-20
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-10

-5

0

Figure 1: A periodic solution of the suspension bridge equation (14) at � = 1.1.

We want to apply the following Newton-Kantorovich theorem to prove existence of zeros of F .

Theorem 2 (A Newton-Kantorovich theorem) Let X and Y be Banach spaces and F : X ! Y be a
Fréchet di↵erentiable mapping. Suppose that ā 2 X, A† 2 B(X,Y ), and A 2 B(Y, X). Moreover assume
that A is injective. Let Y0, Z0, and Z1 be positive constants and Z2 : (0, 1) ! [0, 1) be a non-negative
function satisfying

kAF (ā)kX  Y0, (15)

kI � AA†kB(X)  Z0, (16)

kA[DF (ā) � A†]kB(X)  Z1, (17)

and
kA[DF (c) � DF (ā)]kB(X)  Z2(r)r, for all c 2 Br(ā) and all r > 0. (18)

Define
p(r)

def
= Z2(r)r

2 � (1 � Z0 � Z1)r + Y0. (19)

If there exists r0 > 0 such that p(r0) < 0, then there exists a unique ã 2 Br0(x̄) satisfying F (ã) = 0.

Given n � 0, denote

!n =

(
1, n = 0

2⌫n, n � 1.

6

3.2 Computing Z0

This one is rather standard, but one important thing is that we incorporate the rigorous control of aliasing
error in the computation of the finite part of A†, that is DFN (āN ).

3.3 Computing Z1

Given h 2 B1(0) ⇢ `1!, that is khk1,!  1, and denote z = z(h) by

z = [DF (ā) � A†]h.

Note that DF (ā) = L + DG(ā) and that the Fourier coe�cients DG(ā)h are given by

(DF (ā)h)n = (b0 ⇤ h)n =
X

n1+n2=n

b0|n1|h|n2|,

where b0 = {b0n}n2Z are the Fourier coe�cients of the function G0(ū(x)) = eū(x). Denote h(1) 2 B1(0) ⇢
`1! given component-wise by

h(1)
n =

(
0, 0  n  N

hn, n > N.

Hence,

zn =

(�
b0 ⇤ h(1)

�
n

, 0  n  N

(b0 ⇤ h)n , n > N.

For the cases n = 0, . . . , N , we use a dual estimate, which we now introduce. This requires a bit of
notation. Denote

`1!�1
def
=

⇢
c = {cn}n�0 : kck1,!�1

def
= max

n�0

|cn|
!n

< 1
�

Let c = {cn}n�0 2 `1!�1 , that is kck1,!�1 < 1. Then the map ⌘c : `1! ! R given by

⌘c(a)
def
=

X

n�0

cnan

is bounded linear functional. Indeed, for any h 2 `1! such that khk1,!  1,

|⌘c(h)| 
X

n�0

|cn||hn| =
X

n�0

|cn|
!n

|hn|!n  kck1,!�1khk1,!  kck1,!�1 . (21)

Now, given n 2 {0, . . . , N}, we view the quantity
�
b0 ⇤ h(1)

�
n

as a bounded linear function as follows

⇣
b0 ⇤ h(1)

⌘

n
=

X

n1+n2=n

b0|n1|h
(1)
|n2|

=
X

n2<�N

b0|n�n2|h|n2| +
X

n2>N

b0|n�n2|h|n2|

=
X

n2>N

b0n+n2
hn2 +

X

n2>N

b0n2�nhn2

=
X

n2>N

�
b0n+n2

+ b0n2�n

�
hn2

=
X

j�0

c(n)
j hj = ⌘c(n)(h)

8
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Figure 1: A periodic solution of the suspension bridge equation (14) at � = 1.1.

We want to apply the following Newton-Kantorovich theorem to prove existence of zeros of F .

Theorem 2 (A Newton-Kantorovich theorem) Let X and Y be Banach spaces and F : X ! Y be a
Fréchet di↵erentiable mapping. Suppose that ā 2 X, A† 2 B(X,Y ), and A 2 B(Y, X). Moreover assume
that A is injective. Let Y0, Z0, and Z1 be positive constants and Z2 : (0, 1) ! [0, 1) be a non-negative
function satisfying

kAF (ā)kX  Y0, (15)

kI � AA†kB(X)  Z0, (16)

kA[DF (ā) � A†]kB(X)  Z1, (17)

and
kA[DF (c) � DF (ā)]kB(X)  Z2(r)r, for all c 2 Br(ā) and all r > 0. (18)

Define
p(r)

def
= Z2(r)r

2 � (1 � Z0 � Z1)r + Y0. (19)

If there exists r0 > 0 such that p(r0) < 0, then there exists a unique ã 2 Br0(x̄) satisfying F (ã) = 0.

Given n � 0, denote

!n =

(
1, n = 0

2⌫n, n � 1.

6

Combining the above,

kA[DF (ā) � A†]hk1,!1 = kAzk1,!1


NX

j=0

�
|AN | (b0)

�
j
!j +

X

n>N

|(b0 ⇤ h)n|
|µn| !n


NX

j=0

�
|AN | (b0)

�
j
!j +

1

|µN+1|
kb0 ⇤ hk1,!


NX

j=0

�
|AN | (b0)

�
j
!j +

1

|µN+1|
kb0k1,!

=
NX

j=0

�
|AN | (b0)

�
j
!j +

1

|µN+1|

0

@
NtailX

j=0

|b0j |!j +
X

j>Ntail

|b0j |!j

1

A


NX

j=0

�
|AN | (b0)

�
j
!j +

1

|µN+1|

0

@
NtailX

j=0

|b0j |!j + 2C 0
⇢̄

X

j>Ntail

⇣⌫

⌫̄

⌘j

1

A

=
NX

j=0

�
|AN | (b0)

�
j
!j +

1

|µN+1|

0

@
NtailX

j=0

|b0j |!j + 2C 0
⇢̄

�
⌫
⌫̄

�NTail+1

1 � ⌫
⌫̄

1

A .

Hence, setting

Z1
def
=

NX

j=0

�
|AN | (b0)

�
j
!j +

1

|µN+1|

0

@
NtailX

j=0

|b0j |!j + 2C 0
⇢̄

�
⌫
⌫̄

�NTail+1

1 � ⌫
⌫̄

1

A (25)

implies that (17) holds.

3.4 Computing Z2

Recall from (18) that the Z2 bound satisfies

kA[DF (c) � DF (ā)]kB(`1!)  Z2(r)r, 8 c 2 Br(ā).

By definition of F , DF (c)�DF (ā) = DG(c)�DG(ā). Let c 2 Br(ā). Then h1
def
= 1

r (c� ā) 2 B1(0). Let

h2 2 B1(0). By the mean value inequality, there exists h 2 B1(0)

k[DF (c) � DF (ā)]h2k1,! = k[DG(ā + rh1) � DG(ā)]h2k1,!

 rk[D2G(ā + rh)](h1, h2)k1,!

 rk[D2G(ā + r⇤h)](h1, h2)k1,!

 rkeā+r⇤hk1,!kh1k1,!kh2k1,!

 rkeā+r⇤hk1,!

 rkeāk1,!kker
⇤hk1,!

 rer
⇤
keāk1,!

for any r⇤ � r, where the last inequality follows from using the Banach algebra. Hence, we set

Z2
def
= kAkB(`1!)e

r⇤keāk1,!. (26)

We fixed the decay rate to be ⌫ = 1.3 and proved the existence of a periodic solution close to the
solution depicted in Figure 3 with radius r = 3.5 ⇥ 10�12.
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<latexit sha1_base64="qV0r+8gWkyogcjRwk1gjtPSB+Z0="></latexit>

Example: consider the scalar boundary value problem
<latexit sha1_base64="8+tcsrtS0ExRequa867LZj/H8rQ=">AAACBXicbVC7SgNBFL3rM8bXqqUWg0GMBMKuKNoIQRvLCOYByRJmJ7PJkNkH8xDCksbGX7GxUMTWf7Dzb5wkW2jigQtnzrmXuff4CWdSOc63tbC4tLyymlvLr29sbm3bO7t1GWtBaI3EPBZNH0vKWURriilOm4mgOPQ5bfiDm7HfeKBCsji6V8OEeiHuRSxgBCsjdewDfWxQQm2fKozMA5UQCor6BF0hp2MXnLIzAZonbkYKkKHasb/a3ZjokEaKcCxly3US5aVYKEY4HeXbWtIEkwHu0ZahEQ6p9NLJFSN0ZJQuCmJhKlJoov6eSHEo5TD0TWeIVV/OemPxP6+lVXDppSxKtKIRmX4UaI5UjMaRoC4TlCg+NAQTwcyuiPSxwESZ4PImBHf25HlSPy2752Xn7qxQuc7iyME+HEIRXLiACtxCFWpA4BGe4RXerCfrxXq3PqatC1Y2swd/YH3+APNKlGI=</latexit>

u0000 + �u00 + f(u) = 0
<latexit sha1_base64="nbc9zgiiyY1a1/bvuFA0r/nAPNc="></latexit>

with f an analytic function, and Neumann boundary conditions.

<latexit sha1_base64="rC6HaoEFlEl5y6TM/2MFtxxZTAY=">AAAB+nicbVDLTsMwENyUVymvFI5cLCokDlAlCATHCi4ci0QfUhNVjuu0Vh0nsh2gCv0ULhxAiCtfwo2/wW1zgJaRdjWa2ZXXEyScKe0431ZhaXllda24XtrY3Nrescu7TRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fw+uJ37qnUrFY3OlRQv0I9wULGcHaSF27/Ig8JlDnxEvYMTLN79oVp+pMgRaJm5MK5Kh37S+vF5M0okITjpXquE6i/QxLzQin45KXKppgMsR92jFU4IgqP5uePkaHRumhMJamhEZT9fdGhiOlRlFgJiOsB2rem4j/eZ1Uh5d+xkSSairI7KEw5UjHaJID6jFJieYjQzCRzNyKyABLTLRJq2RCcOe/vEiap1X3vOrcnlVqV3kcRdiHAzgCFy6gBjdQhwYQeIBneIU368l6sd6tj9lowcp39uAPrM8fhBKS3w==</latexit>

x 2 [�⇡,⇡]
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